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Abstract 

In this article we review the conditions for the validity of the gauge/gravity cor¬ 
respondence in both supersymmetric and non-supersymmetric string models. We 
start by reminding what happens in type IIB theory on the orbifolds ^I'Ll and 
C^/(Z 2 xZ 2 ), where this correspondence beautifully works. In these cases, by per¬ 
forming a complete stringy calculation of the interaction among D3-branes, it has 
been shown that the fact that this correspondence works is a consequence of the 
open/closed duality and of the absence of threshold corrections. Then we review the 
construction of type 0 theories with their orbifolds and orientifolds having spectra free 
from both open and closed string tachyons and for such models we study the validity 
of the gauge/gravity correspondence, concluding that this is not a peculiarity of su¬ 
persymmetric theories, but it may work also for non-supersymmetric models. Also in 
these cases, when it works, it is again a consequence of the open/closed string duality 
and of vanishing threshold corrections. 
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1 Introduction 


A D-brane is characterized by the fundamental properties of being a solution of the low- 
energy string effective action that is given by supergravity (SUGRA) and of having open 
strings with their endpoints attached to its world-volume. In particular, the lightest open 
string excitations correspond to a gauge field and its supersymmetric partners if the theory 
is supersymmetric. These two complementary descriptions of a D-brane provide a powerful 
tool for deriving the quantum properties of the gauge theory living on the D-brane world- 
volume from the classical brane dynamics and viceversa. In particular, the fact that one 
can determine the gauge-theory quantities in terms of the supergravity solution goes under 
the name of gauge/gravity correspondence. This has allowed to derive properties of AA = 4 
super Yang-Mills as one can see for example in Ref. pQ and, by the addition of a decoupling 
limit, also to formulate the Maldacena conjecture of the equivalence between AA = 4 super 
Yang-Mills and type IIB string theory compactified on AdS^ (8> (S'®. [2] 

Although it has not been possible to extend the Maldacena conjecture to non-conformal 
and less supersymmetric gauge theories, nevertheless a lot of apriori unexpected informa¬ 
tions on these theories have been obtained from the gauge/gravity correspondence These 
more realistic gauge theories can be identified with the ones living on the world-volume 
of D5 branes wrapped either on a non-trivial 2-cycle of a non-compact Calabi-Yau space 
or on the “shrinking” 2-cycle located at the fixed point of an orbifold background. This 
second kind of wrapped D5 branes are called fractional D3 branes. They are branes stuck 
at the fixed point of an orbifold and are the ones that we will concentrate on in this review 
article because they admit an explicit stringy description. In this case, the role of the 
orbifold background is to reduce supersymmetry, while the one of fractional branes is to 
break conformal invariance. We must, however, stress that the conclusions we will draw 
from the fractional branes of an orbifold background seem also to be valid in the case of 
the wrapped branes described for instance by the Maldacena-Niihez lain] and Klebanov- 
Strassler cni classical solutions, although in these cases this cannot be checked because of 
the lack of an explicit stringy description. 

In particular, it has been shown that the classical SUGRA solutions corresponding 
to those D-branes encode perturbative and non-perturbative properties of non-conformal 
and less supersymmetric gauge theories living on their world-volume as the chiral and 
scale anomalies and the superpotential. HU musi m US] It was of course expected that 
the perturbative properties could be derived from studying in string theory the gauge 
theory which lives on those D-branes by taking the field theory limit of one-loop open 
string annulus diagram using methods as those described for instance in Ref. jlbj . But 
it came as a surprise that these properties were also encoded in the SUGRA solution, 
especially after the formulation of the Maldacena conjecture which relates the SUGRA 
approximation to the strong coupling regime of the gauge theory. 

The explanation of this fact was given in Ref. HZ] where it was shown, in the case of 
'^For general reviews on various approaches see for instance Ref.s 0110013 
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the two orbifolds C^/Z 2 and C^/(Z 2 xZ 2 ) of type IIB, where a complete stringy calcula¬ 
tion of the interaction among D-branes is possible, that the contribution of the massless 
open string states to the coefficient of the gauge kinetic term obtained from the annulus 
diagram, providing the inverse of the squared gauge coupling constant, is exactly equal, 
under open/closed string duality, to the contribution of the massless closed string states. 
Actually, in the cases that we have considered, it can also be shown that the contribution 
of the massive states is identically zero giving no threshold corrections. Hence the absence 
of threshold corrections makes open/closed string duality to work at the level of mass¬ 
less string states. This is the reason why one can use the SUGRA solutions to derive the 
perturbative behaviour of the dual gauge theory. In conclusion, it turns out that the valid¬ 
ity of the gauge/gravity correspondence in these non-conformal and less supersymmetric 
theories that we have considered, is a direct consequence of the vanishing of threshold 
corrections. Actually, reading Ref. m where considerations similar to ours were made 
and applied to non-commutative gauge theories, we have become aware that the absence 
of threshold corrections in the case of the orbifold C^/Z 2 was already noticed in Ref. |19j 
and was explained, following Ref. m, as due to the fact that the open string massive 
states exchanged in the loop belong to supersymmetric long multiplets of AA = 2 that are 
actually equal to short multiplets of AA = 4. But, since short multiplets of AA = 4 never 
contribute to the gauge coupling constant, one can conclude that in the orbifold C^/Z 2 
there cannot be any contribution from massive open string states circulating in the loop. 
The new point, as far as we know, is that these considerations can be directly extended 
to the case of the orbifold C^/(Z 2 xZ 2 ) that has fractional branes having J\f = 1 super 
Yang-Mills living on their world-volume, because the three twisted sectors of this orbifold 
are just three copies of the twisted sector of the orbifold C^/Z 2 . Therefore also in this 
case there are no threshold corrections. 

In this review article we start by reminding what happens in the theories where the 
gauge/gravity correspondence beautifully works and then we try to see what happens 
in a certain number of non-supersymmetric theories. In these cases, however, we do not 
construct the “supergravity dual” solution corresponding to a system of D3 branes, in order 
to reproduce from it the perturbative properties of the gauge theory, but we write down 
instead the one-loop vacuum amplitude of an open string stretching between a D3 brane 
with a background gange field turned-on on its world-volume and a stack of N D3 branes. 
This procedure is in fact closely related to the construction of the “supergravity dual” 
because, under open/closed string duality, one can also regard the previous amplitude as 
the interaction of the “dressed” brane and the stack of N D3 branes via the exchange of a 
closed string propagator and this in turn, in the low-energy limit, encodes the information 
about the large distance behaviour of the classical supergravity solution. 13121] 

The first simple non-snpersymmetric string theory we consider is the bosonic string 
theory in the orbifold C^/^/Z 2 , with <5 < 22. Explicit calculations show that, differently 
from the type IIB case, the threshold corrections to the gauge kinetic term do not vanish. 
Moreover the contribution of massless states in the closed channel turns ont to be zero in 
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the field theory limit, showing that supergravity does not give any information about the 
gauge theory parameters. Therefore the gauge/gravity correspondence does not hold in 
this case. On the other hand, this theory is not consistent because of the presence of both 
open and closed string tachyons and therefore we do not discuss it any further. 

Other natural candidates for non-super symmetric theories are the type 0 ones that have 
been studied by constructing their supergravity duals in Ref.s Emiiiii. Such theories 
exhibit, however, also the problem of having a tachyon in the closed string NS-NS sector. 
Moreover one finds that the zero-force condition among identical branes is not satisfied. 
This problem can be solved by considering a dyonic configuration of branes, made of N 
electric and N magnetic D3 branes. The gauge theory living on the world-volume of such 
a brane configuration is a U{N)xU{N) gauge theory with one gauge vector, six adjoint 
scalars for each gauge factor and four Weyl fermions in the bifundamental representation 
of the gauge group (N,N) and {N,N). It exhibits a Bose-Fermi degeneracy at each mass 
level of the open string spectrum, which therefore guarantees the absence of interaction 
among the branes, at least at the lowest order in gg. The interaction between a stack of 
N dyonic D3 branes and one extra dyonic D3 brane dressed with an SU{N) gauge field 
turns out to be, in this theory, twice the corresponding one in type IIB. In particular, 
the coefficient of the gauge kinetic term is identically zero, yielding the right vanishing 
beta function both in the open and in the closed channel. Hence, for dyonic branes the 
gauge/gravity correspondence holds. When this theory is put in the orbifold C^/Z 2 or 
C^/(Z 2 xZ 2 ), then the interaction between a stack of N dyonic fractional branes and an 
electric or magnetic fractional brane dressed with an SU{N) gauge field turns out to be 
the same as in type IIB in that orbifold. Therefore, all the features discussed for that 
theory, as the validity of the gauge/gravity correspondence, are also shared by these non- 
supersymmetric models. The gauge theories living on the world-volume of such a brane 
configuration provide an example of the so-called orbifold field theories^^ 1211 HH I2HI 
which are non-supersymmetric gauge theories that in the planar limit are perturbatively 
equivalent to some supersymmetric one. 

Tachyon free orientifolds of type 0 theories, called 0^ theories, were introduced in 
Ref. [21] and their properties were extensively studied from different points of view in 
Ref.s |301131L This is the theory we consider next in the orbifold C^/Z 2 . When one 
computes in type 0' the one-loop vacuum amplitude of an open string stretching between 
a stack of N fractional D3 branes and one brane of the same kind dressed with an external 
gauge field SU{N), the result obtained in type IIB in the same orbifold is recovered. In 
particular, as in type IIB, the threshold corrections to the gauge theory parameters vanish: 
we find also in this case that this condition is crucial for the validity of the gauge/gravity 
correspondence. 

Recently non-supersymmetric and non-conformal theories have been studied that in 
the large number of colours are equivalent to supersymmetric theories They are based 

^See the recent review by Armoni, Shifman and Veneziano Ref. |.‘t4| and Ref.s therein. In Ref. |:-{.‘i| 1/A^ 
corrections are analysed. 
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on orientifolds of the OB theory and go under the name of orientifold field theories. In 
Ref.s [31] and [33] . non-super symmetric gauge theories that are conformal in the planar 
limit have been discussed. One of them lives on the world-volume of N D3 branes of 
the orientifold of the OB theory, where O' is the world-sheet parity Iq the 

inversion of the coordinates orthogonal to the world-volume of the D3 branes and Fl 
is the space-time fermion number operator in the left sector. This gauge theory is an 
example of orientifold field theory being, in the large N limit, equivalent to AA = 4 super 
Yang-Mills. It contains one gluon, six scalars in the adjoint representation and four Dirac 
fermions transforming according to the two-index (anti)symmetric representation of the 
gauge group U{N) 

More recently some attention has been paid to the orientifold field theories that contain 
a gluon and a fermion transforming according to the two-index symmetric or antisymmetric 
representation of the gauge group SU{N) |37j and that in the large N limit are equivalent 
toM = l SYM. 

In Ref. [SH] the complete stringy description of the orientifold field theory whose spec¬ 
trum has, in the large N limit, the same number of degrees of freedom as AA = 2,1 super 
Yang-Mills, is provided by considering the orbifold projections F? and C^/(Z 2 xZ 2 ) of 
the orientifold 0B/D'/6(—1)^^. In Ref. [ 31 ] the latter theory has been shown to be planar 
equivalent, both at perturbative and non-perturbative level, to AA = 1 SYM . 

In Ref. [38] the running coupling constant has been computed in the open string frame¬ 
work and it has been shown that in the large N limit, where the Bose-Fermi degeneracy 
of the gauge theory is recovered and the threshold corrections vanish, one can obtain the 
perturbative behaviour of the orientifold field theories also from the closed string channel. 
However the next-to-leading term in the large N expansion of the /3-function cannot be 
obtained from the closed string channel. This means that, as far as the running cou¬ 
pling constant is concerned, the gauge/gravity correspondence holds only in the planar 
limit. When considering the 0-angle instead, one can see that both the leading and the 
next-to-leading terms can be equivalently determined from the open and the closed string 
channel. This follows from the fact that in the string framework the 0-angle does not 
admit threshold corrections. 

From the analysis of the above models we can conclude that the gauge/gravity cor¬ 
respondence is not a property concerning only supersymmetric theories, as type IIB. It 
may work as well in non-supersymmetric models and when the threshold corrections van¬ 
ish (i.e. the contributions of massive states to the gauge theory parameters are zero) it 
admits a stringy description in terms of open/closed string duality. When this condition 
is satisfied, indeed, the contribution of the massless states in the open channel is mapped, 
under the modular transformation representing the open/closed string duality, into the 
corresponding one in the closed channel, allowing the gauge/gravity correspondence to 

^We denote the world-sheet parity by SI' because its action on the string states is not quite the same 
as the world-sheet parity SI that is usually used for constructing type I ten-dimensional theory. 

'^The gravity dual of this theory has been constructed in Ref. m- 
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hold. 

The paper is organized as follows. In Sect. |2l we review the philosophy of the 
gauge/gravity correspondence, deriving general expressions for the holographic identifi¬ 
cations valid both for fractional D3 branes and wrapped D5 branes. We also illustrate 
our procedure to get a stringy interpretation of this correspondence at the perturbative 
level in terms of open/closed string duality and its connection with the background field 
method. Sect. Elis devoted to the analysis of the gauge/gravity correspondence in the 
supersymmetric cases of type IIB in the orbifolds C^/Z 2 and C^/(Z 2 xZ 2 ). We first use 
the holographic relations to derive the gauge theory parameters from the SUGRA solution 
and then we show that this correspondence is a direct consequence of open/closed string 
duality by evaluating the one-loop vacuum amplitude of an open string stretching between 
a stack of N D3 fractional branes and a further brane dressed with an SU{N) background 
field. From Sect. |^to Sect. Qwe apply the same procedure to non-supersymmetric string 
models. In Sect. E]we discuss the case of the bosonic string in the orbifold C^/^/Z 2 showing 
that the presence of threshold corrections and of the closed string tachyon do not allow the 
massless states in the closed string channel to reproduce the behaviour of the gauge-theory 
parameters. Sect. Elis devoted to the case of type OB string: we first review the structure 
of its open and closed string spectrum and that of the boundary state and then we explore 
the gauge/gravity correspondence in the case of dyonic branes configurations. In Sect. El 
we analyse the case of type 0' theories, discussing in some detail the structure of its open 
and closed string spectrum and the boundary state description of the branes. Then we 
show that, also in this case, the gauge/gravity correspondence holds and it follows from 
open/closed string duality. In Sect. 13 we discuss another orientifold of type OB which is 
type 0B/n'/6(—I)^^ and its orbifolds C^/Z 2 and C^/(Z 2 xZ 2 ). We analyse the open and 
closed string spectrum of these theories, their interpretation as orientifold field theories 
and then explore the gauge/gravity correspondence with the usual strategy. In Sect. 13 
we summarize the main results and illustrate the conclusions of our work. Finally there 
are three appendices devoted respectively to the ©-functions and their properties under 
modular transformations, to the explicit derivation of some results mentioned in various 
parts of the paper and to the Euler-Heisenberg actions that can be obtained for the various 
theories discussed in this article by performing the field theory limit. 

2 The Philosophy of Gauge/Gravity Gorrespondence and 
its Stringy Interpretration 

The gauge/gravity correspondence follows from the twofold nature of Dp branes which 
admit two alternative descriptions: a closed string description in which they appear as 
sources of closed strings that are emitted in the entire ten-dimensional space and an open 
string description in which they appear as hyperplanes where open strings are attached 
with their end-points satisfying appropriate boundary conditions. In the first perspective 
the massless closed string states emitted in the bulk generate non trivial SUGRA profiles. 
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while in the second one the open string massless fluctuations give rise to the existence of 
a (p + l)-dimensional gauge theory living on the brane world-volume. This twofold nature 
allows one to derive the gauge-theory quantum properties from the knowledge of the Dp 
brane classical geometry leading to the existence of some holographic identifications which 
relate the gauge theory parameters to the supergravity fields: 

= /(SUGRA fields) , Oym = ^(SUGRA fields) , (1) 

9ym 

where / and g are some particular functions. In particular, this correspondence relates the 
weak coupling regime of the gauge theory to the long distance behaviour of the SUGRA 
solution and the strong coupling regime to its near horizon limit. Indeed the typical 
structure of the SUGRA solution involves harmonic functions depending on the ratio 
gsN/r’^~P and then a large r expansion is formally equivalent to an expansion for small 
values of ggN (weak’t Hooft coupling) and viceversa. Therefore the amount of information 
that SUGRA can give about the gauge theory, by means of the holographic relations, 
depends on the specific case one is dealing with. Generally speaking, whenever the SUGRA 
solution is well-defined everywhere, holographic identifications should give (in principle) 
both perturbative and non-perturbative information about the gauge theory. This is what 
happens in the case of the Maldacena-Nuhez solution |S1 for which the SUGRA solution 
- which is not affected by any singularity - has been shown to encode the presence of a 
gaugino condensate m and has been used to derive the complete perturbative NSVZ (5- 
function of the pure M = 1 SYM theory with gauge group SU{N) jlU] with, in addition, 
non-perturbative corrections due to fractional instantons. muniisi These properties 
of AA = 1 super Yang-Mills have also been derived from the regular Klebanov-Strassler 
solution m HU HHi uni that is also free of singularities. Instead in the cases of fractional 
branes in orbifolds the SUGRA solutions are affected by naked singularities and thus they 
cannot be trusted in the near horizon limit. Therefore it is not possible to use them in 
order to get non-perturbative information about the dual gauge theory: the holographic 
identification may be used only at the perturbative level (unless one considers specific 
deformations of the singular spaces as in Ref.s HZIIIHI). 

Let us briefly illustrate how to derive these gauge/gravity relations for the gauge theory 
living on fractional D3 and wrapped D5 branes using supergravity calculations. Since also 
the fractional D3 branes are D5 branes wrapped on a vanishing 2-cycle located at the 
orbifold hxed point, we can start from the world-volume action of a D5 brane, that is 
given by: 

S = Sbi + Swzw , (2) 


where the Born-Infeld action Sbi reads as: 

Sbi = j det(G/j -|- R/j -|- 27ra'T>j) , rs 

while the Wess-Zumino- Witten action Swzw is given by: 


1 


gsVW{2'K 



Swzw = ^5 


IVe 




Cr, A 


( 3 ) 

( 4 ) 
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We divide the six-dimensional world-volume into four flat directions in which the gauge 
theory lives and two directions on which the brane is wrapped. Let us denote them with 
the indices I,J = (a, /3; A, B) where a and f3 denote the flat four-dimensional ones and A 
and B the wrapped ones. As usual, we assume the supergravity fields to be independent 
from the coordinates a, (3. We also assume that the determinant in Eq. m factorizes into 
a product of two determinants, one corresponding to the four-dimensional flat directions 
where the gauge theory lives and the other one corresponding to the wrapped ones where 
we have only the metric and the NS-NS two-form field. By expanding the first determinant 
and keeping only the quadratic term in the gauge field we obtain: 

{Sbi)2 = I V- det y^det {Gab + Bab), (5) 

where we have included a factor 1/2 coming from the normalization of the gauge group 
generators Tr[r“T^] = 

We assume that along the flat four-dimensional directions the metric is the Minkowski 
one apart from the warp factor, while along the wrapped ones, in addition to the warp 
factor, there is also a non-trivial metric. This means that the longitudinal part of the 
metric can be written as 

{dx‘^^1 + dsi) • (6) 

By inserting this metric in Eq. © we see that the warp factor cancels out in the Yang- 
Mills action and from it we can then extract the inverse of the squared gauge coupling 
constant as the coefficient of the gauge kinetic term — | 


dvr 

9ym 


J\2 


(f^e '^’/det {Gab + Bab) 


(7) 


gsi2TrVa’)- JC 2 

This formula is valid for both wrapped and fractional branes of the orbifolds having only 
one vanishing 2-cycle as the orbifold C^/Z 2 . C 2 is the cycle around which the branes are 
wrapped. The 6 angle, in the case of both fractional D3 branes and wrapped D5 branes, 
can be obtained by extracting the coefficient of the term f from Swzw 

getting: 


Oym = T5(2W)2(27r)2 [ {C 2 + C 0 B 2 ) = [ (C 2 + C 0 B 2 ) . (8) 

Jc2 2,TTa'gs Jc2 

Eq.s 0 and 0 provide an explicit realization of the holographic identifications 0, 
establishing a relation between quantities peculiar of the gauge theory living on the world- 
volume of the D3 branes and the supergravity 

fields. We want to stress that these relations are not based on the probe analysis; they 
have a more general validity as stressed in Ref. m and are therefore also valid in the 
case of supersymmetric M = 1 theories where the probe analysis cannot be done. Before 
proceeding further, it is interesting to notice that in the case of fractional branes Eq.s 0 
and 0 can be written in a single expression: 


tym — 


Gym 


+ i 


dvr 


9ym {2T:y/^Ygs Jc2 


[ (C2 + TB2) , T = Co + ie-t 
JC2 


(9) 













After defining the quantity G 3 = d{C 2 + TB 2 ), Eq. @ can be rewritten in the following 
form: 


tym 



( 10 ) 


where B is the 3-cycle given by the direct product of the original 2-cycle C 2 with a suitable 
non-compact 1 -cycle living in the plane orthogonal to both the branes and the orbifold. 
Eq.s Q and (tTn|) can also be extended to the case of fractional branes in the orbifold 
C^/(Z 2 XZ 2 ) where the gauge theory living on the world-volume of the D3 branes preserves 
four supersymmetry charges. In this case we have iniizni 


Tym 



( 11 ) 


being the exceptional shrinking 2-cycle of the orbifold geometry. By defining the non¬ 
compact 3-cycle B 

3 3 

B=\jBi with Be = \Jcixpe , (12) 

e=i i=i 

where /3f is a suitable non-compact 1 -cycle living in the plane {i = 

1, 2, 3) orthogonal to the brane, we can write 

" 9/9 r^^2 [ • (13) 

2{2TrVa'ygs Jb 

This provides a generalization to the case of a non constant axion and dilaton of the 
formulas used in computing the parameters of the gauge theory after the geometric tran¬ 
sition. |37j 

The aim of this review is to discuss the stringy interpretation of the gauge/gravity 
correspondence. In particular in Ref. HU we have elaborated a strategy which has 
allowed us to understand why the SUGRA solution is able to reproduce the gauge theory 
parameters, at the first order of their perturbative expansion. Let us review the main 
features of this procedure. 

We first remind that in field theory the one-loop running coupling constant may be 
determined through the background field method, by calculating the one-loop correction 
to the two-point function involving two external background field strengths F (see Fig. 1) 
and reading its contribution to the gauge kinetic term. In the context of string theory, the 
open string amplitude reducing to the previous one in the field theory limit is given by the 
one-loop vacuum amplitude of an open string stretching between a stack of N D3 branes 
and a further D3 brane with a background SU{N) gauge field turned-on on its world- 
volume. From it we can extract the second order term in the background field, selecting 
the amplitude shown in Fig. 2, which gives the full open string one-loop correction to the 
two-point function with two external background field strengths F. This means that, as 
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Figure 1: One-loop correction to the two-point function with two external background 
field strengths. These are the diagrams one has to consider when evaluating the one loop 
running coupling constant of the gauge theory via the background field method. Dashed 
lines denote the ghost fields. 



Figure 2: Second order expansion in the background field of the one-loop vacuum ampli¬ 
tude of an open string stretching between a stack of N D3 branes and a further brane 
dressed with an SU{N) background field. The number N of D3 branes encodes the in¬ 
formation about the non-abelian nature of the quantum gauge helds propagating in the 
loop. In the field theory limit this diagram reduces to those in Fig. 1 


in field theory, one can read the gauge theory parameters with all the string corrections 
as follows: 

1 If 

—— as the coefficient of the gauge kinetic term — - (14) 

9ym ^ J 


6ym as the coefficient of the topological charge term 


327r2 


/ 




(15) 


Obviously, by performing the field theory limit in the open string channel, only massless 
open string states (i.e. the gauge degrees of freedom) propagate in the loop, and therefore 
this procedure to evaluate the gauge theory parameters coincides with the one of the 
background field method in field theory. 

One can also rewrite the one-loop vacuum amplitude in the closed string channel and 
identify again the running coupling constant and the 0-angle, at the full closed string 
level, respectively as the coefficient of the gauge kinetic term and of the topological charge 
term in the F expansion, obtaining for those quantities the same result as in the open 
string channel. This is a direct consequence of the open/closed string duality. What is not 
obvious and actually in general not true, however, is that the contribution of the massless 
open string states circulating in the loop is equal to that of the massless closed string states 
exchanged between the branes and selected by performing the large distance limit between 
the branes . 0111 ] We show that this is exactly what happens in those cases in which the 
supergravity solution is able to reproduce the gauge theory parameters. Hence, this means 
that if the contribution of the open massless string states is mapped, under open/closed 
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string duality, into the contribution of closed string massless states, then the supergravity 
solution contains the full information about the gauge theory parameters. Notice that the 
above technique gives a quantitative explanation of why the SUGRA fields reproduce the 
/3-function and 0-angle at one loop. 

In this section we have computed the gauge parameters in two apriori different ways 
obtaining respectively Eq.s 0, m and Eq.s m, (ESI). In the first case we have used the 
Born-Infeld action with the inclusion of the WZW term and we have determined the gauge 
parameters in terms of the supergravity fields given by a classical solution of the SUGRA 
equations of motion describing N fractional D3 or wrapped D5 branes, while in the second 
case we have performed a complete stringy calculation, that can be done only in the case 
of fractional branes, computing the interaction between a fractional D3 brane having a 
non-abelian gauge field on its world-volume and a system of N fractional D3 branes. In 
both cases no use has been done of the probe technique and in general we expect to obtain 
two different results because the stringy calculation includes also the contribution of the 
massive string states and in general the contribution of the massless open string states 
circulating in the loop is not mapped under open/closed string duality into that of the 
massless closed string states that are the only ones appearing in the approach based on 
supergravity. We will see, however, that in many interesting cases the massless states 
appearing in the two channels are precisely mapped into each other and in this case the 
supergravity approach provides the correct perturbative behaviour of the gauge theory 
living on the world-volume of N D3 branes. 

One could in principle generalize it to the full perturbative level by considering multi¬ 
loop open string amplitudes and converting them into the corresponding multiboundaries 
tree level amplitudes in the closed channel, but calculations would be of course much more 
involved. 

3 Gauge/Gravity Gorrespondence in Supersymmetric String 
Theory 

In this section we first use fractional branes of the orbifold C^/Z 2 to show that the per¬ 
turbative behaviour of the gauge theory living on their world-volume, namely M = 2 
super Yang-Mills, can be reproduced from their corresponding classical solution through 
the gauge/gravity relations. Then we show that, working in the pure string framework 
and using only open/closed string duality, the perturbative properties of the gauge theory 
living on the fractional D-branes can be derived not only in the open string channel, as 
expected, but also in the closed string channel. We finally show that this at first sight 
surprising result turns out to be, in these models, a direct consequence of the absence of 
threshold corrections to the running gauge coupling constant. 
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3.1 Gauge/gravity correspondence in the orbifold CVZa 

In this subsection we consider fractional D3 and D7 branes of the non-compact orbifold 
C^/Z 2 in order to study the properties oi M = 2 super QCD. We group the coordinates 
of the directions (x^,... ,x®) transverse to the world-volume of the D3 brane where the 
gauge theory lives, into three complex quantities: 

zi=x‘^ + ix^ , Z2 = x^ + ix'^ , z^ = x^ + ix^. (16) 

The non trivial generator h of Z 2 acts as 

Z2 ^ -^2 , ^3 -Z 3 (17) 


leaving zi invariant, showing the presence of one fixed point at the origin corresponding to 
a vanishing 2-cycle located at Z 2 = Z 3 = 0. Fractional D3 branes are D5 branes wrapped 
on the vanishing 2 -cycle and therefore are, unlike bulk branes, stuck at the orbifold fixed 
point. By considering N fractional D3 and M fractional D7 branes of the orbifold C^/Z 2 we 
are able to study M = 2 super QCD with M hypermultiplets. In order to do that, we need 
to determine the classical solution corresponding to the previous brane configuration. For 
the case of the orbifold C^/Z 2 the complete classical solution was found in Ref. |49j In 
the following we write it explicitly for a system of N fractional D3 branes with their world- 
volume along the directions and x^ and M fractional D7 branes containing the 

D3 branes in their world-volume and having the remaining four world-volume directions 
along the orbifolded ones. The metric, the 5-form field strength, the axion and the dilaton 
are given by 

ds^ = r]ci(^dx°'dx^ + [dimdx^dx'^ + e~'^5ijdx'‘dx^'^ , (18) 

-^( 5 ) = d dx^ A • • • A dx^) + *d dx^ A • • • A dx^) , (19) 

1 — log , z = x"^ + ix^ = ye*® , ( 20 ) 

27r ey 

where the self-dual field strength ^( 5 ) is given in terms of the NS-NS and R-R 2-forms B 2 
and C 2 and of the 4-form potential C 4 by = dC^ -|- C '2 A dB 2 ■ The warp factor H is a 
function of the coordinates {x ^,... ,x®) and e is an infrared cutoff. The twisted fields are 
instead given by B 2 = 0 J 2 b, C '2 = ^20 where uj 2 is the volume form of the vanishing 2 -cycle 
and 


T = Co + ie-^ = i 


be-'^ 


(27r\/^)^ 

2 


1 + 


2N - M , y 

- 9s log - 

TT e 


c -|- Cob = —2'Ka'6gs{2N — M) . (21) 


It can be seen that the previous solution has a naked singularity of the repulson type 
at short distances. But, on the other hand, if we use a brane probe approaching from 
®See also Ref.s 15011511152115:11 IMl and Ref. |2| for a review on fractional branes. 

®We denote by a. and (3 the fonr directions corresponding to the world-volume of the fractional D3 
brane, by £ and m those along the four orbifolded directions x^,x’^, x^ and and by i and j the directions 
x^ and 2;® that are transverse to both the D3 and the D7 branes. 
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infinity the stack of branes, described by the previous classical solution, it can also be 
seen that the tension of the probe vanishes at a distance that is larger than that of the 
naked singularity. The point where the probe brane becomes tensionless is called in the 
literature enhangon ESI and at this point the classical solution does not describe anymore 
the stack of fractional branes. 

Let us now exploit the gauge/gravity relations derived in the previous section, to deter¬ 
mine the coupling constants of the world-volume theory from the supergravity solution. 
In the case of fractional D3 branes of the orbifold C^/Z 2 , that is characterized by one 
single vanishing 2-cycle C 2 , the gauge coupling constant given in Eq. o reduces to 


r5(27rQ;') 


/\2 


9ym 


i 


= 


e • d 2 

C 2 47r5s(27 


\'K\fa'Y Ic2 


-^Bo 


( 22 ) 


By inserting in Eq.s (El and (H the classical solution we get the following expressions for 
the gauge coupling constant and the 6ym angle: m 

t 

e2 


1 


9ym 




^ O^ log^ , eYM = -e{2N-M) . (23) 


IGvr^ 


Notice that the gauge coupling constant appearing in the previous equation is the bare 
gauge coupling constant computed at the scale m ~ y/oi , while the square of the bare 
gauge coupling constant computed at the cut-off A ~ e/a' is equal to 877 ( 75 . 

In the case of an AA = 2 supersymmetric gauge theory the gauge multiplet contains a 
complex scalar held T whose action term can be found when deriving the Yang-Mills ac¬ 
tion from the Born-Infeld one. In fact the derivation of the kinetic term for the scalar held 
is obtained from the term in the Born-Infeld action depending on the brane coordinates 
and that are transverse to both the branes and the orbifold. This implies that the 
complex scalar held of the gauge supermultiplet is related to the coordinate z of super¬ 
gravity through the following gauge/gravity relation T ~ 2 ^' is another example 

of holographic identihcation between a quantity, T, peculiar of the gauge theory living on 
the fractional D3 branes and another one, the coordinate z, peculiar of supergravity. It 
allows one to obtain the gauge theory anomalies from the supergravity background. In 
fact, since we know how the scale and U{1) transformations act on T, from the previous 
gauge/gravity relation we can deduce how they act on z, namely 




se2*"T 


se2*“z 


y ^ sy , 6 ^ 9 + 2a 


(24) 


Those transformations do not leave invariant the supergravity background in Eq. m and 
when we use them in Eq.s (EU) and Q, they generate the anomalies of the gauge theory 
living on the fractional D3 branes. In fact, by acting with those transformations in Eq.s 
ESI) we get: 

— -> - 1 -—^— log s , 9ym Gym - 2a{2N - M) . (25) 

9ym 9ym 
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The first equation generates the /3-function of AA = 2 super QCD with M hypermultiplets 
given by: 

2N - M n 

PigvM) = -— 9ym > (26) 

while the second one reproduces the chiral U{1) anomaly. |11[ I12j In particular, if we 
choose a = 2 ( 2 N^-m) ’ then Oym is shifted by a factor 27r. But since Oym is periodic of 27r, 
this means that the subgroup Z 2 ( 2 N-M) is not anomalous in perfect agreement with the 
gauge theory results. 

From Eq.s (HI it is easy to compute the combination: 


tym 


9ym . dvr . 2N — M z 

^-log — 

2 '^ 9ym 




(27) 


where ye is the enhangon radius and corresponds, in the gauge theory, to the dimensional 
scale generated by dimensional transmutation that we call Aqcd in order not to confuse 
it with the cut-off A. Eq. (H7|) reproduces the perturbative moduli space of M = 2 
super QCD, but not the instanton corrections. This is consistent with the fact that the 
classical solution is reliable for large distances in supergravity corresponding to short 
distances in the gauge theory, while it cannot be used below the enhangon radius where 
non-perturbative physics is expected to show up. Notice that the quantity G 3 , defined in 
the previous section, results to be: 


G 3 = d{C2 + TB 2 ) = f(27rv^)^5fs--— 7 ^— —UJ2 A — 

27r z 

and we get the following identities 


1 

{27rV^)‘^gs 



Tym 




(28) 


(29) 


Hence Eq.s (EZI) and (P|) provide an explicit realization of the holographic identity given 
in Eq. m- B is the non-compact 3-cycle consisting of C 2 times a 1-cycle along which 
we have to integrate between the IR cutoff ye and an UV one z = ye*®. .A is a compact 
3-cycle consisting of C 2 and a 1-cycle along which we have to integrate between —ye and 
ye- Notice, however, that what we call UV cutoff according to the notation followed in 
the literature, should be more properly called the scale m ~ y/a' at which we compute 
the bare gauge coupling constant, while the UV cutoff of the gauge theory is actually 
A ~ e/a'. 

Eq.s (1291) are precisely the ones used in the approach followed in Ref. |47j for M = 0. 

The previous results can also be extended to the case of fractional D3/D7 branes of 
the orbifold C^/(Z 2 xZ 2 ). In this case only the large distance behaviour of the classical 
solution is known. m In particular the solution for the twisted fields is: 


G 3 


(27r\/^)^ys-^ 


2 = 1 


j dzi M dzi 
A N --- 

Zi 6 zi 


M dzi \ 
2 zi J 


(30) 
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where N is the number of fractional D3 branes of type 1 and M is the number of D7 
branes of type 3 and 4 in the notation of Ref. m and the following expression for the 
background value of the B 2 field has been used: 



6 


(31) 


By integrating the three form in Eq. PH) on the non-compact B cycle defined in Eq. m 
we get: 


'tym = ——[ G 3 = - M) \og{z/ye) . (32) 

2(27r^ ygs Jb 27r 

that is the correct one-loop expression of the gauge coupling constant of AA = 1 super 
QCD. Moreover one has: 


1 

2{2-K^/aYgs 



N-M6n , 


(33) 


where is the compact 3-cycle consisting of Uf=i ^2 of a 1-cycle along the direction 
^ which we have to integrate between —ye and ye, being The last 

two equations give a generalization of the relations obtained in Ref. EZl to a case with 
running dilaton and axion. 

In conclusion, we have derived the perturbative behaviour of AA = 2 super QCD with 
M flavours by using the holographic identifications, given in Eq.s (El and (d . This apriori 
unexpected result will be clarified in the next subsection by computing the annulus diagram 
in the full string theory and showing that the threshold corrections to the gauge coupling 
constant vanish. This means that, under open/closed string duality, the contribution of 
the massless open string states is precisely mapped into that of the massless closed string 
states and that therefore the supergravity solution is sufficient to derive the perturbative 
behaviour of the gauge theory. 


3.2 Gauge/gravity correspondence from open/closed dnality: N'= 2 case 

In this section we compute the one-loop vacuum amplitude of an open string stretching 
between a fractional D3 brane of the orbifold C^/Z 2 dressed with a background SU{N) 
gauge field on its world-volume and a stack of N ordinary fractional D3 branes. This can 
be equivalently done by computing the tree closed string diagram containing two boundary 
states and a closed string propagator. 

We are interested in the case of parallel fractional D3 branes with their world-volume 
along the directions that are completely external to the space on which the 

orbifold acts. The background gauge held lives on the four-dimensional world-volume 
of the fractional D3 brane and, without loss of generality, it can be taken to have the 
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following form: 


^a/3 — ^TTQ: Ffy3 


afi 


(34) 


/ 0 / 0 0 \ 

-/ 0 0 0 

0 0 0 5 

0 0 -g 0 y 

The free energy of an open string stretched between a dressed D3 brane and a stack of 
N D3 branes located at a distance y in the plane that is orthogonal to both the 

world-volume of the D3 branes and the four-dimensional space on which the orbifold acts, 
is given by: 


Z = N 


L 


dr, 


0 T 


-Ttms-R 


e + h 




= z° + z? 


(35) 


where Fg is the space-time fermion number, Gbc is the ghost number and the GSO projector 
is given by: 

(_l)G/3-y _|_ (-1)^ 


Peso = 

with being the superghost number: 


(36) 


G ^ ^ {'J—mPm P—mlfm) i G — To/^0 ^ ^ (T—m/^m 

m=ll2 


m=l 


respectively in the NS and in the R sector. F is the world-sheet fermion number defined 
by 

oo 

P = Fj V’-rV't - 1 (38) 

t=l/2 

in the NS sector and by 

CXD 

(-1)^ = , Ui = r0ri...r9 , F^ = ^V’-n-V’n (39) 

n=l 


in the R sector. 

The superscript o stands for open because we are computing the annulus diagram in 
the open string channel. The fact that we are considering a string theory in the orbifold 
C^/Z 2 is encoded in the presence of the orbifold projector P = {e + h)j2 in the trace. The 
explicit computation can be found in Appendix B of Ref. [HI- Here we give only the final 
results: 

dr _yF simriyf smiTUq 

X / —e sttc' —-- i - - - 

Jo T ff{e-'^'^)Oi{ii'fT\iT)&i{iugT\iT) 

X [/a (e“''^)03(*z^/'r|ir)03(it'gr|fr) - /i(e“^^)04(iz^/r|fr)04(fz^gr|fr) 

- /|(e“’"'^)02(w/T|ir)02(ir'gr|fr)] (40) 
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and^ 


yo _ 

— — 


N 


(Svr^a' 


7^2 J d^x^J-det{r] + F) 


dr _vF 

4 sinTTZ^/ sinvrt'g 

Jo T 

0^(0 ir)0i(iz^/r zr)0i(zz/gr ir)_ 


[04(O|ir)03(wjr|ir)03(it'gr|ir) — 0|(O|ir)04(iz^jr|ir)04(it'gr|ir)] 
iN 


327r2 


/ 




/•“ dr 

I F 


( 41 ) 


where F^f) = The 0-functions are listed in El In the previous equations we 

have defined: 


1 1 -|- 271 a' f 

= r—: log-^ 

27rz 1 — 271 a' f 


and 




1 1 — i27Ta'g 


(42) 


1 -|- i2'Ka'g 

The calculation of Ze for the untwisted sector was originally done in Ref. isni for the case 
of a D9 brane. The three terms in Eq. (HOI) come respectively from the NS, NS{—1)^ 
and R sectors, while the contribution from the R{—1)^ sector vanishes. In Eq. (1411) the 
three terms come respectively from the NS,NS{—1)^ and i?(—1)^ sectors, while the R 
contribution vanishes because the projector h annihilates the Ramond vacuum. 

The above computation can also be performed in the closed string channel where 
and Zf^ are now given by the tree level closed string amplitude between two untwisted and 
two twisted boundary states respectively: 

NttN 


Zl = 


and 




NttN 


1*00 

■ / dt 
Jo 

fOQ 

/ dt ^{D3;F\e-^^^^°+^°^\D3f 
Jo 


(43) 


(44) 


where \D3] F > is the boundary state dressed with the gauge field F. The details of this 
calculation are presented in Appendix C of Ref. HZl- Here we give only the final results 
that are 


Zf = 


N 


(Stt^ck') 


dJx\J—det{g + F) J 


dt 

F 

4/^—7rt\ 


Sin 


TTUf 


Sm TTl^n 


Qi{i/f\it)Qi{ug\it)ff{e 




X {/3(e - f2ie ’"*)02(z^/|R)02(t'g|R) 


and 




-/i(e ^*) 04 (z^/|it) 04 (t'g|R)} 

d'^xyj—det{g + F) J 


(45) 


N 

(Svr^o;') 


dt 

—f 

t 


4 sinTTJ/j sinTTZ/g 


Ql{0\it)Qi{uf\it)&i{i'g\it) 


X {0^(O|R)03(z//|R)03(t'g|R) - 0|(O|R)02(^'/|R)02(t's|R)} 

iN f 4 f dt 

-i2^- / ‘‘ "FP 


(46) 


^Notice that the sign of the topological term is opposite to the one appearing in the Ref.s EH EH 
because of the different dehnition of the operator Nq given in Eq. with respect to the corresponding 
operator given in Eq. (113) of Ref. 1171 . 
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The three terms in Eq. (11^ respectively come from the NS-NS, R-R and NS-NS{—1)^ 
sectors, while those in Eq. (|i6l) from the NS-NS, R-R and R-R{—1)^ sectors. In particu¬ 
lar, the twisted odd R-R{—1)^ spin strnctnre gets a nonvanishing contribution only from 
the zero modes, as explicitly shown in Ref. cu¬ 
lt goes without saying that the two expressions for Z separately obtained in the open 
and the closed string channels are, as expected, equal to each other. This equality goes 
under the name of open/closed string duality and can be easily shown by using how the 
0 functions transform (see Eq. (Esni) under the modular transformation that relates the 
modular parameters in the open and closed string channels, namely r = j. It can be 
easily seen that, in going from the open (closed) to the closed (open) string channel, we 
have the following correspondence between the various non vanishing spin structures: m 

NS ^ NS - NS , NS{-1)^ ^ R- R 

R^ NS - NS{-lf , R{-lf ^ R - R{-lf . (47) 

The distance y between the dressed D3 brane and the stack of the N D3 branes makes the 
integral in Eq. (EH) convergent for small values of t, while in the limit t ^ oo, the integral 
is logarithmically divergent. This divergence is due to a twisted tadpole corresponding to 
the exchange of massless closed string states between the two boundary states in Eq. (EH- 
We would like here to stress that the presence of the gauge field makes the divergence 
to appear already at the string level before any field theory limit (a' —> 0) is performed. 
When F vanishes, the divergence is eliminated by the integrand being identically zero as 
a consequence of the fact that the fractional branes are BPS states. 

As observed in Ref.s EHl EDI EH EH tadpole divergences correspond in general to 
the presence of gauge anomalies that make the gauge theory inconsistent and have to 
be eliminated by drastically modifying the theory or by fixing particular values of the 
parameters. Eor instance in type I superstring they are eliminated by fixing the gauge 
group to be 50(32). As stressed in Ref.s EH EDI El EH logarithmic tadpole divergences 
do not instead correspond to gauge anomalies. In the bosonic string they have been cured 
in different ways. EH EH EH EH EH EH It turns out, in our case, that the logarithmic 
divergent tadpoles correspond to the fact that the gauge theory living on the brane is 
not conformal invariant and in fact they provide the correct one-loop running coupling 
constant. Eollowing the suggestion of Ref.s EH EH, we cure these divergences just by 
introducing in Eq. (EH) an infrared cutoff that regularizes the contribution of the massless 
closed string states. Since in the open/closed string duality an infrared divergence in the 
closed string channel corresponds to an ultraviolet divergence in the open string channel 
it is easy to see that the expression in Eq. EH) is divergent for small values of r and 
needs an ultraviolet cutoff. It will turn out that this divergence is exactly the one-loop 
divergence that one gets in AA = 2 super Yang-Mills that is the gauge theory living on the 
world-volume of the fractional D3 brane. Our results are also consistent with the approach 
of Ref. eh ■ 

In the following we want to use the previous string calculation for deriving the co- 
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efficient of the quadratic term involving the gauge field and to show that only massless 
states give a non-vanishing contribution to it. The contribution of the massive states is 
identically zero and this implies the absence of threshold corrections. 

To this aim it is useful to write Eq. gH) in a more convenient way. Using the notation 
for the ©-functions given in Eq. (IhblSI) and the identity in Eq. (EZl with 


hi = gi= g 2 = 0 

53 = -54 = 1 

ui = ivfT ; 1^2 = ivgT ; t's = z^4 = 0 

, ^l = -^2 = h ; ^3 = ^4 = § i^g + ^f) T 

we can rewrite Eq. m as follows: 

N f -1: /■“ dr 


7° — 


4 sm.TTVf sm-TTUg 
02(O|fr)0i(ii/yT|zr)0i(zr'gr|zr) 


y r 

- g 27roi' 


[0|(O|ir)0i (zz^jr|fr)0i (fi/grlzr) 


— 201 ( tHt 1 01 ( z 


iN 


J 




327r2 

which turns out to be equal to 

2N 


r— 

Jo T- 


2 

_jpT 

g 2-kol' 




(8ir2o')2 


d!^xJ—dei{g + F) f 

Jo 


y r 

- g 277 0:^ 


0 T 


4 sinvrz^j sinTri/g 


(48) 


02(O|zr)0i(zz^jr|zr)0i(zt'gT|zr) 


X01 ( i 


Vn - 




rlzr ©i f 




- Vn 


-rlfr 0 


2 + 


T IT 


(49) 


because the first and the third terms in Eq. (gHl) cancel each other. By expanding the 
previous equation up to the second order in F and using Eq. (IHHTll together with i^f ~ —f^ 
and i 2 g ~ —we get: 






g 277 0:^ 


which reduces to 

zm 


-T / 


4^ 

-iN 


al3-‘ 


N 


J— 


rji 


■ g 2770^ 


32772 




Lt 


A 

_U 

g 277a 


In the closed string channel we get instead: 


Zf.{F) 


y 




N 


dYAiiy 8772 Jq 


(F 

Jo y 


g 277a^t 


-iN 


32772 


/ 




Jo y 


g 2-KOL't 


(50) 


(51) 


(52) 
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Notice that in the two previous equations we have also added the contribution, coming 
from the tree diagrams, that contains the bare coupling constant. In an ultraviolet finite 
theory as string theory we should not deal with a bare and a renormalized coupling. On 
the other hand, we have already discussed the fact that the introduction of a gauge field 
produces a string amplitude that is already divergent at the string level and that therefore 
must be regularized with the introduction of a cutoff. 

We have already mentioned that Eq.s m and (|5^ are equal to each other as one can 
see by performing the modular transformation t = j. Actually one can see that, under 
such a transformation, the contribution of the massless open string states gets transformed 
into that of the massless closed string states and viceversa. This follows from the fact that 
the threshold corrections vanish in the two channels. This also means that the open/closed 
string duality exactly maps the ultraviolet divergent contribution coming from the massless 
open string states circulating in the loop and that reproduces the divergences of M = 2 
super Yang-Mills, living on the world-volume of the fractional D3 branes, into the infrared 
divergent contribution due to the massless closed string states propagating between the 
two boundary states. 

In the open string channel the integrals are naturally regularized in the infrared (r —> 
oo) by the fact that the two stacks of branes are at a finite distance y. In the closed string 
channel the presence of a distance y between the branes makes the integral convergent 
in the ultraviolet {t —> 0), but instead an infrared cutoff A is needed. If we identify the 
two cutoffs A’s, we see that the expressions in the two field theory limits are actually 
equal! This observation clarifies now why the supergravity solution gives the correct 
answer for the perturbative behaviour of the non-conformal world-volume theory as found 
in Ref.s ISH El El ESI ESI and reviewed in Ref. |S]. In fact, we can extract the coefficient 
of the term from either of the two Eq.s (15111 and (15211 getting the following expression: 

1 N , 1 

Svr^ 




N , y- 
+ — = 


,2 _ 


= 27r(a'A)" 


(53) 


where the integral appearing in Eq. m has been explicitly computed: 

poo 

/ 

Jl/a'I 


dr - 27r(a'A)^ 

—e ~ log--- 

R/q'A2 t V 


(54) 


Eq. (I53jl is equal to the first equation in (ESI) for M = 0 where we identify the square of the 
bare coupling constant g'y^(A) computed at the cutoff A ~ e/a' with The previous 

derivation makes it clear why the running coupling constant of AA = 2 super Yang-Mills 
can be obtained from the supergravity solution corresponding to N fractional D3 branes 
of the orbifold C^/Z 2 . 

Eq. (j53ll gives the one-loop correction to the bare gauge coupling constant gyM^^) in 
the gauge theory regularized with the cutoff A. The renormalization procedure can then 
be performed by introducing the renormalized coupling constant given in terms 

of the bare one by the relation: 




N , A2 


(55) 
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with /X being the renormalization scale. Using the previous equation in Eq. one can 
rewrite the coefficient of the term in terms of the renormalized gauge coupling constant 


( 1 \ ren 2 / i \ 2 

1\ N m f 1 \ 2 _y 

87r2 ^2 Vff2^(m)y ’ ^ “ 27ra'2 


(56) 


From it, or equivalently from Eq. dsni), we can now determine the one-loop /3-function: 


P ^ , (57) 

that is the correct one for M = 2 super Yang-Mills. 

Let us turn now to the vacuum angle Oym that is provided by the terms in Eq.s m and 
(1^ with the topological charge. If we extract it from either of the two Eq.s m and 
we find that it is imaginary and moreover must be renormalized as the coupling constant. 
A way of eliminating these problems is to introduce a complex cutoff, to allow the gauge 
field to be in either one of the two stacks and by taking the symmetric combination: 


^[{D3-,F\D\D3) + {D3\D\D3-,F)] 


{D3;F\D\D3) + {D3;F\D\D3) 


(58) 


If we introduce a complex cutoff A —> Ae 


the divergent integral in Eq. m becomes: 


liz) ^ j 
Jl 


dr 


. jy^j_ 

It: a' 




log 


27r(a'A)2 

y2p2ie 


= log 


27r(a'A)^ 


(59) 


This procedure leaves unchanged all the previous considerations concerning the gauge 
coupling constant because in this case one gets as before: 

2T{a'fK^ 


1 


[I{z)+I{z)\ = log- 


(60) 


For the 9ym angle one gets instead: 


N 

eYM = -i-[I{z)-I{z)] = -2Ne , (61) 

that exactly reproduces the result given in the second equation in (1^ for M = 0. Re¬ 
member, however, that in Eq. (P|) e is the phase of the complex quantity z = ye*®. But, 
as it can be seen in Eq. (EH), giving a phase to the cutoff corresponds to give the opposite 
phase to the distance y between the branes. We prefer to complexify the cutoff rather 
than y in order to keep the open string Virasoro operator Lq real, but the effect is in fact 
the same. 

In the second part of this subsection we consider a bound state of N D3 branes and 
M D7 branes in order to add matter hypermultiplets to the pure gauge theory considered 
until now. In particular we consider the same brane configuration as the one analyzed in 
the previous subsection. 

Let us start by giving the spectrum of the massless open strings stretched between the 
two stacks of D3 and D7 branes. Physical states are taken in the picture —1 for the NS 
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sector and in the picture —1/2 for the R one. The massless ones come from the lowest 
level and are given by: 


Ans|0; A :)_1 (g) |so = 1/2, S 3 , S 4 ) Ar|so = 1/2, si, S 2 )_i /2 < 8 ) | 0 ; A:) . (62) 

The structure of the states in Eq. (El can be easily understood if one considers that 
the orbifold projection changes the modding of the oscillators along the four directions 
spanned by the orbifold. Moreover the orbifold breaks the Lorentz group ^©(IjD) to 
50(1,5) (g) 50(4) and in Eq. (I62j) we have correspondingly splitted the string ground 
states. In Eq.s El A’s denote the Chan-Paton factors and Sj (i = 1,...,4) are the 
eigenvalues of the “number operators” A/j so defined® : 

pOr^ = -2No , =2iNi with i = 1,...,4 . (63) 


We remind that sq = 1/2 and that the GSO projectors are defined as: 

oNs _ (-1)^^" - r®... r®(-i)^ _ + 2^n^n^{-iY 

^GSO - ^ ^ 

and 

_ (-1)G'/37 - po ... r5(-l)^« _ (-1)G'/37 - 2^NqNiN2{-IYr 

Peso — -- 


(64) 


(65) 


where the fermion numbers F and Er are obtained from the corresponding ones defined 
in Eq.s El and El by changing modding of the oscillators along the mixed 6 ... 9 
directions, i.e. in the NS sector the modding of the fermionic [bosonic] oscillators is 
integer [half-integer] while in the R one is half-integer [half-integer]. 

Eq.s (1641) and El impose that si = —S 2 and S 3 = — S 4 . In the NS sector we have two 
real scalars while in the R sector we have two Weyl fermions. Altogether they form an 
hypermultiplet. 

The physical states are the ones left invariant by the orbifold. In the R sector the non 
trivial generator h of the orbifold group acts as: 


= 1/2, Si, S2)-i/2 ® jo, k) 

bh^)ih = 1/2, Si, S2)_i/2 |0; k) , (66) 

where 7/1 is the orbifold action on the Chan-Paton factors and can be taken as ±11 depending 
on the kind of fractional brane considered. The previous expression implies that the 
surviving open strings are those stretched between fractional branes of the same kind 
for which one has 7 )/® = 7 ^^, while strings stretched between different kinds of branes 
are projected out. Analogous considerations hold in the NS sector where the non trivial 
element h of the orbifold group acts on the oscillator vacuum as h = — 4 A^ 3 A^ 4 . 

®In this paper the dehnition of number operators differs by a factor 2 from the corresponding expressions 
given in Ref.s [131111 and, as previously noticed, No has an opposite sign. 
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The annulus diagram for open strings stretched between a dressed D3 and a bunch of 
M D7 branes is given, as in the previous case, by two contributions, Z 37 = Z°.^j + ^^. 37 , 
with: 


yo 

^e;37 


X 

+ 


M 


Tyi J- det {rj + F)J^ 


^dr _vF 

-g 277 0:^ 


2sin7ri/j 2sin7rt'g 


0 i(w/r|ir) 0 i(it'gr|ir) 04 (O|ir) 


(Svr^a' 

- [ 02 (O|ir) 03 (irt'g|ir) 03 (ir^'/|ir) — 0|(O|ir)02(iTt'g|zr)02(iri^/|ir)] 


M 


327r2 


/ 




A/(o'A2) "J" 


— ^ 
g 277 


(67) 


and 


yo 

^h-,37 


X 

± 


M 


- [02(O|7r)04(zz^jr|7r)04(7i/gT|zr) — 


M 






/•oo 

A/fa' 


l/(a'A2) 


;/^T 2 sin7rz^/-2 sinTrz^g 

e Zttq:' -^^- 

03(O|ir)0i(7i//T|zr)0i(zt'gr|7r) 
0AO|ir)02(w/T|zr)02(ir'gr|ir)] 
dr _ yl_^ 

-g 2770:' . vt)o) 


In the latter equation the upper [lower] sign refers to the case of open strings stretched 
between fractional branes of the same [different] kind. 

In Eq. dSIl) the first and the second term come respectively from the NS and R sector, 
while the last one comes from the R(—1)'^ sector. The NS{—1)^ sector does not contribute 
due to the vanishing of the trace over the zero modes. The first two terms of Eq. 
can be obtained respectively from the first and the third term in Eq. (HU) by changing, as 
explained after Eq. the modding of the string oscillators along the directions 6 ... 9. 
Such a modification transforms 03 (O|ir) into 02 (O|ir), leaving unchanged the 0’s having 
in their argument or Vg, and maps the NS and R terms of Eq. (1401) into the first two 
terms of Eq. (|H7|). Analogous considerations can be extended to Eq. (IHHl) where the first, 
the second and the third terms correspond respectively to the NS(—I)'^, R and R(—1)^ 
sector. The first term of Eq. (P|) can be obtained from the second term in Eq. m with 
the substitution 03 ^ 02 as before. The second term of Eq. (|HH|) is obtained from the 
first one in Eq. (ED by changing first 03 —> 02 and 04 ^ 0i which map the NS in the R 
sector and then by performing the transformation 0i(O|ir) —> 04 (O|ir) that corresponds 
to change modding along the mixed directions. 

Eq. (1671) can be rewritten in a more compact form by using Eq. (EIU with: 


gi = hs = hi = 0, hi = -h2 = 1, = 1^2 = 0, z /3 = iruf, = irvg . (69) 

In this way one gets the following identity: 

02(O|ir)03(zrr'g|ir)03(irz^/|7r) — 0|(O|ir)02(zTt'g|ir)02(iT^'/|ir) = 
04(O|ir)0i(irz^/|ir)0i(irz^g|7r) + 2Ql{i^{vf + i7g)\iT)Q\{i^{vf - t'g)|7r) , 

(70) 
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which allows us to rewrite Eq. (|H7|) as: 

70 - ^ 

"’37 (87r2a')2 


d x\ det l-q + Fj sin sin vrt'g 


I 


y T 

- g 27Ta.' 


0 T 


X U+ 2 


0i(i§(t^/ + i^g)\iT)ei{q{uf - i'g)\iT) 
Ql{0\iT)@i{iTi'f\iT)@i{iTVg\iT) 


+i- 


.M 


327r2 


/ I 

J Jl/(a' 


dr 

-g 27ra^ 

/l/(o'A2) T 


( 71 ) 


Analogously, by using again Eq. (EZl, but this time with: 

/13 = -^4 = 93 = -gi = 1 hi = /i 2 = 51 = 52 = 0 
z/l = Zl/j-r Z^2 = 1^3 = Vi = 0 , 

one gets the following identity: 

©2 (0|ir) ©4 (zz^jr|ir) ©4 (zi^gr|ir) — ©4 (0|zr) ©2 (i^'/T|zr) ©2 (iz/gT|zr) 
= ©I (0|ir) ©1 (w/r|ir) ©i {iugrlir) 

+20? - yg)\iT) ©1 {q{vf + yg)T\iT) , 


(72) 


(73) 


which allows one to write Eq. (P|) as follows: 
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Zh -,37 = + 


(Svr^o;') 


d^x\J —det (5 + F) sin ttz/j sin TTVg 


f 


dr 


-g 27ra^ 


0 7- 


X |l + 2 
M 


©1 - ^g)\^^) ©3 + Vg)\^'r) 


©|(0|ir)©i(iz^/r|ir)©i(it'gr|ir) 


±+ 






poo 

J\/(ol' 


dr 


-g 2770:' 


l/(a'A2) 7- 


(74) 


Expanding Eq.s m and (EH) up to the quadratic terms in the gauge held, according to 
the procedure above explained, yields: 


Zt,37 — +-^e;37 ” + 


M 


± i- 


= ± 


2(87T^a‘ 
M ' 

327r2 

M 


/ poo 

d‘^x[2if g + (if - gf] / 

Jl/(a' 


= -y^ + (27r«') 
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l/(a'A2) 7 - 

dr 

-g 2770^ 

'l/(a'A2) 7 - 


poo 

Jx/ioL'l 


2(477) 


■Jd^x 


r — 

Jl/(a'A2) T 


g 2770^ , 

'l/(a'A2) 

Erom it we can extract the gauge coupling constant: 

1 M 


(75) 


9yM (477)^ 
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)-^)r 

2 2y Ji/(a/ 


^g-y^+(2™') 


(477)2 \^2 ^ 2 I 


l/(o'A2) 7 - 
277(a'A)2 

y2 


(76) 
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and by taking, as explained in Eq. (1^ . the symmetric combination, we obtain for the 
^ym angle: 

^'ym = Q ± M6I , (77) 

where the positive [negative] sign corresponds to open strings stretched between fractional 
branes of the same [different] kind. 

These are just the expected running coupling constant and chiral anomaly and, when 
added respectively to Eq. (p|) and m, coincide with Eq. (1221 obtained via supergravity. 
It is important to observe that also in this case threshold corrections vanish and this 
provides the reason why the contribution of the massless string states gets transformed 
into that of the massless closed string states and viceversa, making the gauge/gravity 
correspondence to hold. 


3.3 Gauge/gravity correspondence from open/closed duality: Af = 1 
case 


In the following we extend the analysis performed in the previous section to the case of 
the orbifold C^/(Z 2 xZ 2 ) that preserves four supersymmetry charges. The orbifold group 
Z 2 XZ 2 contains four elements whose action on the three complex coordinates: 


Zi = X4 + iX5 Z2 = Xe + iX7 Z3 = Xs + ixg 

is chosen to be: 
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II 
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0 
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-I 


' -1 
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1 
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' -1 
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1- 

0 

II 
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1 
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II 

0 

-1 
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1- 
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0 

-1 


1 

0 

0 
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(78) 


(79) 


The orbifold group acts also on the Chan-Paton factors. Fractional branes are defined 
as branes for which these latter transform according to irreducible representations of the 
orbifold group. Z 2 XZ 2 has four irreducible one-dimensional representations that corre¬ 
spond to four different kinds of fractional branes. The orbifold C^/(Z 2 xZ 2 ), as already 
explained in Ref.s [HI CO], can be seen as obtained by three copies of the orbifold C^/Z 2 
where the z-th Z 2 contains the elements (e, hi) {i = 1, 2,3). This means that the boundary 
states associated to each fractional brane are: 


\Dp > 1 = \Dp >u +\Dp >ti +\Dp >t2 +\Dp >t3 , 

\Dp > 2 = \Dp >u +\Dp >t^ -\Dp >t 2 -\Dp >t 3 , 

\Dp >3= \Dp >u -\Dp >ti +\Dp >t 2 -\Dp >t 3 , 

\Dp >4= \Dp >u -\Dp >t^ -\Dp >t 2 +\Dp >t 3 , (80) 
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where \Dp >u is the untwisted boundary state that, apart from an overall factor ^ due 
to the orbifold projection, is the same as the one in flat space and \Dp >*. {i = 1,2,3) 
are exactly the same as the twisted boundary states on the orbifold C^/Z 2 , apart from a 
factor The signs in front of each twisted term in Eq. (|5n|) depend on the irreducible 
representation chosen for the orbifold group action on the Chan-Paton factors. 

In order to keep the forthcoming discussion as general as possible, we study the one- 
loop vacuum amplitude of an open string stretching between a stack of (/ = 1,..., 4) 
branes of type I and a D3 fractional brane, for example of type 1 = 1, with a background 
SU{N) gauge field turned-on on its world-volume. Due to the structure of the orbifold 
C^/(Z 2 xZ 2 ), this amplitude is the sum of four terms: 

3 

Z = Zf,+ Zin, (81) 

i=l 

where and Z/j. are obtained in the open [closed] channel by multiplying Eq.s (1401) and 
(jUJ) [Eq.s (1151) and (|15|) ] by an extra 1/2 factor due to the orbifold projection. Since, 
even in this case, we are interested in analyzing the meaning of the divergences in the 
non-trivial twisted contributions Zf^, we focus on these latter. In particnlar, in the open 
string channel, Z^, is: 


7 ° — 
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2 (Svr^a' 


^ I d^x^J-det{rJ + F)|^"^e 


2 sin7ri/j2 sinTTi/g 
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dr yh 

-g 2'KOt^ 

T 


(82) 


In the previons expression we shonld put to zero the distance yi between the stack of the 
Nj branes and the dressed one, since the fractional branes are constrained to live at the 
orbifold fixed point zi = Z 2 = = 0. However yi provides a natural infrared cut-off in 

Eq. dHU). Therefore we keep this quantity small but finite and we are going to put it to 
zero just at the end of the calcnlation. The functions fi{N) introduced in Eq. H82I) depend 
on the number of the different kinds of fractional branes Nj and their explicit expressions 
are: [5^170] 


/l(iV/) =iVi+iV2-A^3-iV4 , 

/2(iV/) = iVl-iV2 + A^3-iV4 , 

/3(iV/) = iVi-iV2-A^3 + iV4 . (83) 


Let us now extract in both channels the quadratic terms in the gauge field F. In the open 
sector, we get: 


Zl{F) 
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(84) 
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while in the closed string channel we obtain; 


zm 




9ym(^) 


E 

i=l 


—I 


327r2 




MN) 
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' (F 

Jo ~t 


g 27Ta.' t 


^ fi{N) dd 

k ^ Jo ^ 


g 27ra^t 


( 85 ) 


Analogously to the case of the previous orbifold the divergent contribution is due to the 
massless states in both channels. We have also introduced the one coming from the tree 
diagrams. The main properties exhibited by the interactions in the C^/Z 2 orbifold, given 
in Eq.s (EU) and (1^ . are also shared by the interactions in the C^/(Z 2 XZ 2 ) orbifold, given 
in Eq.s (1511) and (I55|) . In particular, also in this case, one can see that the contribution of 
the massive states vanishes and the open string massless contribution is transformed into 
the closed string massless one. This confirms the main result obtained in the previous 
subsection, i.e. the open/closed string duality exactly maps the ultraviolet divergent 
contribution coming from the massless open string states, which reproduces the divergences 
of AA = 1 super Yang-Mills, into the infrared divergent contribution due to the massless 
closed string states. By extracting the coefficient of the term in Eq. (I51|) or Eq. (1551) . 
we get: 
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+ 


1 


IGvr^ 


^/i(Y/)log 


yf _ 
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^YM 


(y) 


= 2 'k{oi ky 


( 86 ) 


5ym(^) - j=i 

Eq. (1861) reproduces Eq. (3.14) of Ref. ^21 clarifying again why the supergravity solution, 
dual to AA = 1 super Yang-Mills theory, gives the correct answer for the perturbative 
behaviour of the non-conformal world-volume theory, as found in Ref.s dillllTni. 

In performing the renormalization procedure, we introduce the renormalized coupling 
constant given in terms of the bare one by the relation: 


_ I _ = ( _ I _ + — 

9ymW \9YMif^)) k 

/ 1 mi-N2-N3-N4 A2 


( 87 ) 


Erom this equation we can obtain the /3-function: 

/3(5S) = ^^^9VW = (3iVi -N 2 -N,- N,) , (88) 

that is the correct one for the world-volume theory living on the dressed brane. 

Finally, in the same spirit as in Sect. 3, we consider the symmetric combination 
given in Eq. (1581) and by introducing a complex cut-off Ae or equivalently the complex 
coordinates Zi = yie*®, we get the following expression for 0 ym: 

3 

9YM = -yfi{Ni)B , ( 89 ) 

i=l 

that is again in agreement with the result given in Eq. (3.14) of Ref. |12| . 
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4 Gauge/Gravity Gorrespondence in Bosonic String Theory 


In this section we study the validity of the gauge/gravity correspondence in the 26- 
dimensional bosonic string and in order to compare it with the supersymmetric case 
discussed in the previous section, we consider it in the orbifold C"^/^/Z 2 with 5 < 22. 
As in the previous section we consider the one-loop vacuum amplitude of an open string 
stretching between a D3 brane dressed with a background gauge field and a system of N 
undressed D3 branes. It is given by: 


Z = N 
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Jo 


dr 


Tr 


e + h 


(- 1 ) 


2i7TtLq 


= z° + z? 


h > 


(90) 


where Lq includes the ghost and the matter contribution, the first one having the same 
structure as in flat space, while the matter part being derived in Appendix B of Ref. HZl. 
By performing the explicit calculation of the one-loop vacuum amplitude one gets: 

N 


(87r2a')2 


/ COO J 2 

d'^xy—det{ri + F) J — e~ 

sinvri^y sinvrt'g 
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(91) 


and 
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X 2i[/i(fc)]-(18-')[/2(fe)]-^ 


le smTTi'f smTTi'g 

0i(iri//|ir)0i(irr'g|ir) 


(92) 


where the power 18 is obtained from d — 8 for the value of the critical dimension d = 26. 
The calculation of the untwisted sector was originally performed in Ref. isni for the case 
of D9 branes. 

The previous expressions can also be rewritten in the closed string channel and one 
gets: 


^ {STT^a 
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for the untwisted sector and 
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(94) 


for the twisted sector. They can be shown to be equal to Eq.s (HU) and (El respectively 
by using Eq.s H359I) and (13641) for 01, fi and / 2 . 

Eq. (13921) and Eq.s (I394j) allow one to extract easily from Eq. El the coefficient of 
the kinetic term for the gauge field that turns out to be: 
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■iSf r f [sk + 
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(95) 
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The previous expression gives the running coupling constant including all the threshold 
corrections coming from the massive open string states. Eq. (jM]) can be written more 
explicitly in the following form: 
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(96) 


where we have used Eq. (I395I) . Notice that, differently from the supersymmetric case, the 
threshold corrections to the gauge kinetic term do not vanish. Indeed, from Eq. (inn) one 
can see that both the massless and massive bosonic open string states contribute to the 
gauge coupling constant. The /3-function of the gauge theory living on the stack of branes 
can be computed by selecting only the contribution of the massless states. This can be 
done by performing the field theory limit {a'r = a fixed with a' —> 0 and r —> oo). In this 
way from Eq. (IMl) one gets: 
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(97) 


where in the last step we have neglected the term proportional to A: ^ corresponding to 
the tachyon and used Eq. (EH)- Adding finally the contribution from the tree diagrams 
yields: 
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Sym 
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g^^(A) + 167r2 6 e2 


27r(a'A)2 


(98) 


Notice that the contribution of massless states in Eq. dnzi) coming from the untwisted 
sector vanishes, in agreement with the fact that it corresponds to the one-loop /3-function 
coefficient of a gauge theory with one gluon and 22 scalars ®. One gets instead a non¬ 
zero contribution from the twisted sector that reproduces the right one-loop /3-function 
for a gauge theory with one vector field and Ng = 22 — 6, (i.e. the number of directions 
orthogonal both to the D3 brane and to the orbifold) scalars : 


P{9ym) 


9ym I ^ 

(47r)2 3 6 


^ 9ym 

6 (47r)2 


(99) 


Notice that in the bosonic case there are no terms proportional to the topological charge 
coming from Eq.s (P|) and (El), consistently with the fact that the world-volume theory 
is a purely bosonic gauge theory and therefore not affected by chiral anomaly. 

®See Ref. 1681 and Appendix B of Ref. 1161 . 
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One can also extract the coefficient of the gauge kinetic term from the amplitude 
written in the closed string channel in Eq.s and (P|). Eq.s (jani and (IM must be 
used, obtaining: 
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( 100 ) 


Using the modular transformations of the various functions fi and the relation: 




( 101 ) 


that implies 


-2A;^log/i(A;) + ;^ = 2t2g^log/i(g) , (102) 

it is easy to see that Eq.s JMI and (dnni) transform into each other. It is convenient to 
write Eq. (num in the following more explicit way: 
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(103) 


where we have used Eq. (13951) . As in the open channel, we find that there are threshold 
corrections to the running coupling constant due to massive closed string states. 

In order to understand the role of massless closed string states, let us first examine the 
mass spectrum of closed strings, which is given by: 


a' ^ ~ 5 

—M^ = N + N-2 + - , N = N , 
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(104) 


where 
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(105) 


with the analogous expression for N and = 0 ((i 7 ^ 0) in the untwisted (twisted) sector. 
The intercept in Eq. (nni comes from the zero-point energy: 
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(106) 


The zero-point energy derived in the previous equation matches with the power of q 
appearing in Eq. (fimi) both for the twisted and the untwisted sector. 

By performing the field theory limit (t ^ 00 , a' —> 0 and a't fixed) and neglecting the 
divergent contribution due to the closed string tachyon, one gets a vanishing result in the 
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untwisted sector. In the twisted sector one has again a tachyon in the spectrum, if Ng > 6, 
that becomes massless if = 6 and massive if Ng < 6. 

Even in the case Ng = 6 {5 = 16) in which the spectrum admits massless states, by 
taking the field theory limit one gets again a vanishing result, not reproducing Eq. (IU5|) 
from the closed channel. Erom the previous analysis it follows that the gauge/gravity 
correspondence does not hold in the present case. 

5 Gauge/Gravity Gorrespondence in Type OB String The¬ 
ory 

In this section we summarize the properties of type 0 string theories m and explore the 
gauge/gravity correspondence in this framework. In particular we discuss the spectrum 
and D branes of type OB theory and compute the annulus diagram. Einally, we consider 
the one-loop vacuum amplitude of an open string stretching between a stack of D branes 
and a brane having an external field on its world-volume, and we study under which 
conditions the gauge/gravity correspondence holds. 

Type 0 string theories are non-super symmetric closed string models obtained by ap¬ 
plying the following non-chiral diagonal projections on the Neveu-Scharz-Ramond model: 

^^_ ■j^'jF+F+GjSj+Gfj.y 

-Pns-ns =-^- -Pr-r =-^, (107) 

where the upper [lower] sign in Pr-r corresponds to OB [OA]. is defined in Eq.s (IH7|) . F 
is the world-sheet fermion number defined in Eq.s and (EU with analogous definitions 
for F and (—1)^. In addition it is imposed that the fermionic NS-R and R-NS sectors are 
eliminated from the physical spectrum, obtaining a purely bosonic string model. 

5.1 Closed string spectrum 

The closed string spectrum can be determined by keeping only the string states that are 
left invariant by the action of the operators given in Eq. (fWl) . It results to be: 

typeOA (NS-, NS-)® (NS + , NS+)«) (R-, R+)® (R+, R-) (108) 
type OB (NS-, NS-)® (NS + , NS+)® (R-, R-)® (R+, R+) (109) 

where the signs in the various sectors refer to the values respectively taken by (—1)^ and 
(—1)^. In the (NS —, NS —) sector the lowest state is a tachyon, while the massless states 
live in the (NS -|-, NS -|-) sector. In the picture (-1,-1) they are described by: 

|0, 0 , A:)(_r_i) (110 ) 

2 2 

and are the same as in type II theories, namely a graviton, a dilaton and a Kalb-Ramond 
field. In the R-R sector, instead, we have the following massless states in the picture 
f-i _ij. 

V 2’ 2V _ 

UAik)uB{k)\A)_i\B)_i . (Ill) 

2 2 
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Since the terms containing G and G in the second equation in (Cnii) act as the identity 
on the previous state, the projector Pr-r imposes the existence of two kinds of R-R 
{p + l)-potentials for any value of p (Cp+i and Cp+i) characterized respectively by: 


and by 


UA 


UA 


1 + r 


11 


= 0 


B 


1 -r 


11 


= 0 


UA 


UA 


1 ±r 


11 


= 0 


B 


B 


ipr 


11 


= 0 


( 112 ) 


(113) 


B 


where the upper [lower] sign corresponds to OB [OA]. The doubling of the R-R potentials 
implies the existence of two kinds of branes that are charged with respect to both poten¬ 
tials. We follow the convention of denoting by p and p' respectively branes having equal 
or opposite charges with respect to the two {p + 1) R-R potentials. The p and p'-branes 
are called respectively electric and magnetic branes m In the case of a D3 brane the two 
potentials G 4 and C 4 have field strengths P 5 and P 5 being the former self-dual, P 5 = *^ 5 , 
and the latter antiself-dual, P 5 = —*F^, as follows from Eq.s (Eni) and (nm . This means 
that, if we take the linear combinations: 


1 


{C,f = ^{G,±C,) 


(114) 


one can see that the Hodge duality transforms each field strength into the other according 
to the relation *F^ = F^. Therefore, while the D3 brane of type IIB is naturally dyonic, 
in type OB the dyonic D3 brane is constructed as a superposition of an equal number of 
electric and magnetic D3 branes. [2111ZI1IZ2] 

Type 0 string theory can also be thought as the orbifold type IIB/(—1) m where 
Fg is the space-time fermion number operator. From this point of view, the spectrum of 
the physical closed string states, written in Eq.s (CnHl) and (Cnn), is made of the untwisted 
and twisted sectors of this orbifold. Of course the untwisted spectrum coincides with 
the bosonic states of type II theories. The twisted sector can be more easily determined 
using the Green-Schwarz formalism, rather than the NS-R one, due to the simple action 
of (—1)^“ on the space-time fermionic coordinates S^°‘. Here A = 1,2 and a labels the 
two spinor representations of the light-cone Lorentz group SO{ 8 ), namely it is either an 
8 s or 8 c index. In the twisted sector the boundary conditions on these coordinates are 
antiperiodic rather than periodic. Hence, the Fourier expansion for them contains half¬ 
integer fermionic modes. The lowest level corresponds to a tachyon while the first one, 
corresponding to the massless states, is given by: 


5“ 1 1 0) (g) 0) in type OB 

2 2 

(115) 

5%-S\|0) ® |0) in type OA. 

(116) 


2 2 


These states provide the doubling of the R-R forms previously discussed. 
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5.2 Boundary state 

The presence of R-R potentials implies that type 0 theories contain D-branes that, as in 
other string theories, admit a microscopic description in the closed string channel in terms 
of boundary states. Obviously, the boundary state describing a OB (or OA) brane must be 
invariant under the GSO projectors defined in Eq. jinzi)- 

In type II theories the boundary state is constructed in terms of the state \B, r]) with 
r] = ±1 by imposing the standard GSO projection which selects the following invariant 
combinations: 

l-B) =-(|B,+)ns-ns - -)ns-ns + l-B, +)r-r + |R,-)r-r) . (117) 

In type 0 theories it is simple to verify that the boundary state \B, tj) that one uses, 
independently on the spin structures, is already invariant under the GSO operators dinzi). 
This means that in type 0 string we have, for each p, four different kinds of boundary 
states: 


\Bp, v,v') = \Bp, r?)NS-NS + \Bp, r]')R_R . (118) 

However the requirement of consistency of the various cylinder amplitudes, giving in the 
closed channel the interaction between electric and magnetic branes, with the correspond¬ 
ing amplitudes computed in the open string channel, imposes the following combinations: izni 

im 


\Bp, ±) = ±|Rp, ±)ns-ns + \Bp, ±)r-r 


(119) 


which are indeed the boundary state descriptions of the p and p' branes (respectively for 
p = +■,—) already introduced, as one can check by evaluating the coupling of the previous 
boundary states with the two forms Cp+i and Cp+i. 

Notice that, because of the ± sign in front of the NS-NS term in Eq. dH), electric 
and magnetic branes have opposite couplings with the tachyon, which implies that dyonic 
branes do not couple to it. 

The normalization coefficient of the boundary state (related to the tension of the Dp 
brane ^*^) in type 0 string is: m 



( 120 ) 


An easy way to see this is the following: in the open channel the interaction between two 
Dp branes of the same type coincides with the corresponding expression in the NS-sector 
of type II theories. In the closed string channel, instead, in the expression for the type 0 a 
factor 1/2 is missing with respect to the one in type II, due to the different GSO projection, 
and therefore the tension of the branes must be l/\/2 smaller. 

^°See Ref. 1571 for details. 
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5.3 Open string spectrum 


The existence of two different kinds of branes in type 0 theories (the p-brane and the p'- 
brane) implies the presence of four distinct kinds of open strings: those stretching between 
two p or two p'-branes (denoted by pp and p'p') and those of mixed type {pp' and p'p). 
This means that the most general Chan-Paton factor A in the expression of the open string 
states has the following form: 


( pp pp' 
p'p p'p' 


( 121 ) 


Open/closed string duality makes the following spin structure correspondence to hold:[^ 


Interactions Closed states 
pp p'p' NS — NS 

pp p'p' R — R 

pp' p'p NS — NS(—1)^ 

pp' p'p R — R(—1)^ 


Open states 
NS 

NS(-l)^ 

R 

R(-l)^ 


( 122 ) 


From this scheme, it is easy to see that the spectrum of pp and p'p' strings contains only 
the NS and NS(—1)^ sectors |12] whose massless excitations are the bosons of the gauge 
theory. In the case of D2> branes one has: 


= ( r ° , 1 ®Ci/2|0)-i a = 0,...,3 (123) 

( r ° / 1 i = 4,...,9 . (124) 

y 0 pp I ' 


Here corresponds to the gauge field, while the (/i*’s represent six adjoint scalars. On 
the other hand pp^ strings have only the R spectrum m which provides fermions to the 
gauge theory supported by the branes. The lowest excitations of these strings are: 

pp' \ ^ ^ ^^25) 

\PP 0 J 2 

being |A)_i a Majorana-Weyl spinor of the ten-dimensional Lorentz group. 

2 

Finally, on a dyonic brane there are both fermionic and bosonic degrees of freedom. 
Indeed a stack of N dyonic D-branes of type 0 contains N p-branes and N p'-branes, and 
therefore the massless open string states living on their world-volume are the subset of 
the massless open string states living on the world-volume of 2N Dp branes of type II 
theories, that are invariant under the action of the operator where we are looking 

at type OB as the orbifold IIB/(—1)^®. In order to select the invariant open string states, 
one has to pay attention to the action of the space-time fermion number operator on the 
Chan-Paton factors. [7^1^ Indeed consistency requirements between the two approaches 
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to type OB theory impose the following non trivial action of (—1)^® on the Chan-Paton 
factors: 


where [HH] 


(- 1 )' 






ih 


^hk 



f ^NxN 0 \ 

\ 0 —ImxM J 


(126) 


(127) 


and N, M denote the number of p and p'-branes respectively. The requirement of invari¬ 
ance of the physical states under the action of (—1)^“ imposes the following constraints 
on the Chan-Paton factors: 


aW = -7(-i)c.A(^)7-\).., (128) 

where the minus sign is due to the action of iT. on the space-time fermion |^). It is easy 

to see that the previous equations are satisfied by the matrices given in Eqs. 
and (Einj). 

Therefore the spectrum of the open strings attached on a dyonic brane can be easily 
derived by writing, in the NS and R sectors, the massless states: 

a = 0,...,3 (129) 

i = 4...9 (130) 

4 

Si = odd , (131) 

i=l 

where the last relation between the Si follows from the GSO projection in Eq.s (jsni) and 

(EH). 

Thus the world-volume of a dyonic D3 brane configuration supports a U{N)xU{N) 
gauge theory with six adjoint scalars for each gauge factor and four Weyl fermions in the 
bifundamental representation of the gauge group {N, N) and {N, N) (see Table 1). 

The number of bosonic degrees of freedom of the open strings attached on the N dyonic 
branes is 8iV^x2, and coincides with the number of the fermionic ones. Therefore, the 
gauge theory supported by these bound states, even if non-supersymmetric, exhibits a 
Bose-Fermi degeneracy. Its /3-function is zero at one-loop level, and it is argued that this 
non-supersymmetric theory is conformal in the large N limit. mcs] 


Ary = 


T* = 


Ajvn 0 
0 Bjvn 

Ann 0 
0 Bnn ^ 

0 Ann 
Bnn 0 


j Ci/2|0>fc) 

V’Ll/2|0,fe) 

|si S 2 S3 S4) 


5.4 One-loop vacuum amplitude 

In this section we compute the interaction between two branes in type OB theory, first 
in the absence of an external field and then turning on an SU{N) gauge field on one of 
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them. As usual, this interaction can be computed either in the open string channel or in 
the closed string one. 

In the open channel the interaction between two branes of the same kind is: m 

dr. 


Z^p = 2 


2 r 


TrNS [e-^^^^°{-lf»^PGSo] 


9 /n_£±1 f dr 1 

= Vp+i{^TT a) 2 y _^e 


V/aWy 

(U{k)Y 

\h{k)) 

Kfiik)) _ 


(132) 


with Peso defined in Eq. (jsni)- The interaction between a p and a p'-brane is obtained 
by computing the trace in the R-sector:| 


Z^p, = 2y'^TrR[e-2-"^°(-l)^''^PG5o] 

. , ,33) 

Thinking of type OB as type IIB/(—1)^“, Eq.s H132B and (jlddl) can be written in a more 
compact form by introducing, in the trace of the free energy, the following projector: 

1 + (- 1 )'^'’ 


P, 


(- 1 )^ 


(134) 


that, as we have previously mentioned, eliminates all fermionic states from the spectrum 
in the closed channel. The free-energy is now written as: 

dr ^ 


Z° = 2 


1 


/ 


2 r 


TrNS- 


R 


^-2-ktLq I 


PQgoP(_^)Fs 


= -Tr[I] Ep+i( 87 ra) 2 


/ 


P+d 9 

r 2 ^ 


Y/3(^)V 

(Mk)y 

(f2{k)y 

\fiik)) 

\fi{k)) 

Khik)) _ 


+ -Tr 
2 




Vp+i(87r2a')-"^^ 


y T 

- g 2- kol ' 


P+3 ’ 9 

r 2 ^ 


'(f3{k)y 


(f2{k)Y 

[\fiik)) 

\fiik)) 

\fi{k)) 


= Zpp + 2Zpp, + Z°,pi . 


Since the traces of the Chan-Paton factors are given by 

1 2 

7(-i)c, 


Tr [I]^ = {N + Mf 


Tr 


= {N - Mf 


(135) 


(136) 


we can rewrite the previous equation as follows: 


= Pp+i(8+a')“^ 


p+i f dr 


P+3 

r 2 


■e ina' 


X 



(Mk)y 

(fmy 

2 

{fi{k)J 

\fiik)J 



(137) 


We see that Eq.s (II31I) and dlSSl) are obtained by putting respectively M = 0, iV = 1 and 
N = M = 1 in Eq. (jldTIl . while by taking N = M we get the interaction among N dyonic 
branes. 
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Following Ref. CZl, whose results are outlined in Sect. 2 , we compute now the one- 
loop vacuum amplitude of an open string stretching between a D3 brane dressed with an 
external SU(N) gauge field and a stack of N D3 branes, located at a distance y from the 
first one. 

In the open channel the interaction between two branes of the same kind can be read 
from Eq. (HOI) by taking only the contribution of the spin structures NS and NS (—1)^ and 
multiplying it by a factor 2 (there is no orbifold projection in this case), while the closed 
channel expression can be obtained from Eq. (ESJ) by considering only the spin structures 
NS-NS and R-R always multiplied by the same factor. From Eq. ( 001 ) it follows that the 
contributions to the term coming from the NS and NS(—1)^ spin structures exactly 
cancel the one coming from the R spin structure. Therefore, instead of considering the 
sum of the spin structures NS and NS (—1)^ in Eq. (1401) . we can consider only the spin 
structure R, which is equal to the first two, up to a sign. By using Eq.s (jSnil), and 

(TTni) of Appendix B and inserting them in the last term in Eq. (Iin|) . after having changed 
its sign and multiplied it by a factor 2 , the coefficient of the gauge kinetic term turns out 
to be: 


9ym 


2N 

Ibvr^ 


f 


dr 


(f2{k)\ 


^ + f=^logA(t) 


(138) 


Differently from the type IIB case, in type OB, there are threshold corrections to the 
running coupling constant. In order to select only the contribution of the massless states 
and to compare it with the gauge theory expectation, we can perform the field theory 
limit obtaining: 


1 _ 2N dr 16 _ N 8 

9ym 167 r 2 r ® ^12 ( 47 r )2 3 27r(a')2A2 


(139) 


that agrees with the expected behaviour of the running coupling constant of a gauge theory 
with one vector and six adjoint scalars! 

In the closed string channel one can consider only the contribution of the spin structure 
NS-NS (—1)^ in Eq. (1^^ which exactly cancels the ones of the NS-NS and R-R spin 
structures. Here, by making use of the expansions given in Eq.s (TWll . (HMl) and (IHMl) . 
and inserting them in the second term in Eq. (1451) (after having changed its sign and 
multiplied by a factor 2 ) we get the following expression for the running coupling constant 
in the closed channel: 


1 

9ym 


2N /■“ dt __m: 
IGvr^ Jo F 




+ log/ 4 (g) 


(140) 


By using Eq. dMl) and the modular properties of fi and /2 (see Eq. (IM l it can be 
seen that Eq. (Eni) reduces to Eq. However, by performing the field theory limit 

(a' —> 0 and t —> 00 with a't finite) in the closed channel, one selects the massless states 
contribution to the one loop running of the coupling constat: 


1 

9ym 


N 

647r^ 


f 


— e [e ^ — 8) 


(141) 
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In this limit the closed string tachyon gives a divergent contribution, while the massless 
states give a vanishing one. In other words, the field theory limit of Eq. jnni) does 
not reproduce the correct answer for the running coupling constant, revealing that the 
gauge/gravity correspondence does not work in this case. 

In this section we have computed the one-loop vacuum amplitude of an open string 
stretching between a stack of N D3 branes and another brane of the same kind dressed 
with an SU{N) gauge field. An important question is, however, whether the stack of 
N D-branes would fly apart. In order to understand this point one should look more 
carefully at the interaction between two identical branes in absence of any background 
field. Performing the modular transformation r —> l/t on Eq. (11321) and extracting the 
contribution of each closed string mass level, it turns out that for those levels corresponding 
to an even power of q the R-R repulsion is twice the NS-NS attraction, while for those 
corresponding to odd powers of q only the NS-NS states contribute with an attractive 
term. Hence, level by level, the contribution to the interaction is always different from 
zero. One can conclude that, unless some geometrical constraint arises to force the system 
to be stable, there are problems in piling up N identical branes on top of each other. 
The authors of Ref. HlESl argue that a stable bound state is formed when the tachyon 
mass is shifted to remove the instability. In this review we will not try to make this 
argument more quantitative, because little is known about the tachyon condensation in 
closed string. However this problem can be avoided by considering a dyonic configuration. 
Erom Eq. (tm one easily deduces that the zero-force condition between two stacks made 
of a superposition of an equal number of electric and magnetic D3 branes is indeed satisfied. 
In terms of open string states, the interaction between two dyonic branes vanishes because 
of a cancellation between the contribution of bosonic and fermionic degrees of freedom, 
ensuring the stability of the configuration. On the same footing, the one-loop vacuum 
amplitude of an open string stretching between a stack of N dyonic branes and a further 
dyonic brane dressed with an SU{N) gauge field, is twice the corresponding one in type 
HB theory, and in particular, the coefficient of the gauge kinetic term turns out to be 
identically zero, leading to the correct vanishing of the one-loop beta function, both in 
the open and closed channel. Hence for a dyonic brane, the gauge/gravity correspondence 
holds. 

One can also consider orbifolds of type OB string theory and, by introducing dyonic 
fractional branes which live at orbifold singularities, one breaks the conformal invariance 
of the model, obtaining a non-supersymmetric and non-conformal gauge theory. These are 
examples of the so-called orbifold field theories which are non-supersymmetric gauge 
theories (daughter theories) that in the planar limit are perturbatively equivalent to some 
supersymmetric gauge theories (parent theories). The gauge groups of the daughter and 
parent theories are not the same; in the present case the gauge theory living on N dyonic 
branes has an SU{N)xSU{N) gauge symmetry while the corresponding parent theory 

^^See Ref. |.S4| and Ref.s therein. See also Ref. |79| . 

^^The factor t/(l) is neglected in the decomposition U{N) = SU{N)xU{l). 
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is an SU{2N) SYM, and also the field content is actually different. However there exists a 
common sector in the spectrum for which scattering amplitudes in the parent and daughter 
theory are the same in the planar limit. Esinn] The world-volume gauge theories living on 
N dyonic D3 branes in flat space and its orbifolds C^/Z 2 and /{'Z 2 XZ 2 ) are listed in 
Table 1. 

Table 1: Spectrum of the SU{N) world-volume gauge theory living on N dyonic D3 branes. 



OB on flat space 

OB on C^/Z 2 

OB on C^/(Z 2 xZ 2 ) 

Gauge vector 

(Adj,l)-h(l,Adj) 

(Adj,l)-h(l,Adj) 

(Adj,l)-F(l,Adj) 

Scalars 

6 [(Adj,l)-h(l,Adj)] 

2[(Adj,l)+(l,Adj)] 

- 

Weyl fermions 

4[(n,n)+ (□,□)] 

2 [(n,n)+ (□,□)] 

(□,□) + (□,□) 

1 -loop P-function 

0 

N 

-^9ym 

5N 3 


(AA = 4 SYM) 

{M = 2 SYM) 

{M = 1 SYM) 


Let us first analyse the orbifold C^/Z 2 . This orbifold, in the case of fractional branes, 
acts only on the oscillator part of the states in Eq.s dnni), cnni) and (dSH). The action on 
the bosonic and fermionic coordinates is given in Eq. m, while that on the R-R vacuum 
is given by: 

/i : |si S 2 S 3 S 4 ) ^ S 2 S 3 S 4 ) . (142) 

The states left invariant are, for each gauge group, one gauge vector, two scalars in the 
adjoint, two Weyl fermions in the {N , N) representation and two Weyl fermions in the 
(iV, N) one. It is simple to check that the /3-function of the daughter theory relative to 
each gauge group is, at one-loop level, the same as the pure M = 2 super Yang-Mills with 
gauge group SU{2N), if the gauge coupling of the latter gp is related to the one of the 
former gp by gj) = 2gj,.^ 

Analogously one can analyse the orbifold C^/(Z 2 xZ 2 ) acting on the coordinates ac¬ 
cording to Eq. dzni) and on the fermions as follows: 

^i|si S 2 S 3 S 4 ) = S 3 S 4 ) 

h 2 \si S 2 S 3 S 4 ) = ^2 S 3 S 4 ) 

/ialsi S 2 S 4 S 4 ) =S 2 S 3 S 4 ) , (143) 

where the sign in front of the last equation is required by the group properties. The states 
left invariant are, for each gauge group, one gauge vector, one Weyl fermion in (iV , N) and 
one Weyl fermion in (iV ,N). It is simple to check that the /3-function of each gauge factor 
of the daughter theory is, at one-loop, the one of AA = 1 super Yang-Mills with gauge 
group SU{2N), with the appropriate rescaling of the running coupling constant. Notice 
that for iV = 3 , if one of the two SU{N) factors is interpreted as a colour index and the 
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other as a flavour index, this model provides an example of a three-colour/three-flavour 

QCD .|S1 

The interesting aspect of these orbifold theories is that the expression of the one- 
loop vacuum amplitude of an open string stretching between a stack of N dyonic branes 
and one electric or magnetic brane dressed with an SU{N) gauge field coincides with the 
corresponding one computed in type IIB and studied in Ref. m- This follows from the fact 
that, because of Eq.s (trim and (11201), the boundary state of N dyonic branes is the same 
as the one of type IIB and therefore, when we multiply it by a closed string propagator and 
sandwich it with the boundary state of an electric or magnetic brane, we get exactly the 
same result as in type IIB theory. Therefore, all the features discussed in Sect. 3 are also 
shared by these non-supersymmetric theories. In particular the gauge/theory parameters 
do not admit threshold corrections either in the open or in the closed channel and the 
gauge/gravity correspondence perfectly holds. 


6 Gauge/Gravity Gorrespondence in Type 0' Theories 

In this section we are going to study the gauge/gravity correspondence for type 0' theories. [211 
These are unoriented, non-supersymmetric string models that can be constructed as orien- 
tifolds of type 0 theories by taking the quotient OB /Q', where is a suitable world-sheet 
parity operator which imposes the existence of a non trivial background made of an ori- 
entifold 9-plane (09) and 32 D9 branes necessary to ensure the R-R tadpole cancellation, 
as we will discuss in detail later. 


6.1 World-sheet parity definitions 


In the literature one can find two different definitions of the world-sheet parity operator 
n. In particular, the following definition is given in the closed string sector in Ref.s IHH 
and |HT] : 


and 


(144) 


ii(|o)_i® |6)_i) = |o)_i®|o)_i 

^ (l^)-l/2 <S) |.B)_1/2^ = — |-B)-1/2 <S) |^)_l/2 j (145) 

where the NS-NS and the R-R vacua are taken respectively in the (-1,-1) and 
symmetric pictures. Notice that the operator II satisfies the condition 11^ = (—1)^^^, 
where (—1)^ is defined as in Eq.s (1381) and (1391) with the analogous definition for (—1)^. 
In the open string sector the world-sheet parity operator Q acts as follows: 

( 146 ) 
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for integer and half-integer r and the signs ± refer respectively to NN and DD boundary 
conditions. 

From Eq.s (3.11) and (3.12) of Ref. ^ it is possible to get the action of Q on the NS 
vacuum: 


li|0)_i =-i|0)_i (147) 

and, in order to get a supersymmetric theory, the following action must hold on the R 
vacuum: 

n\A)_y, = -{rp+\..rY^\B)_y, , (i48) 

where we have NN boundary conditions along the world-volume of Dp brane corresponding 
to the directions 0,1,... ,p and DD boundary conditions along the remaining ones. In Ref.s 
m, m and m a different definition of the world-sheet parity operator D is used. 

In the closed string channel one has: 



= «n 



= 



II 

(149) 

with = 1 and 

D(|0)_1® |6 )_i) = 

-|0)_1® |0)_1 




(150) 

while in the open string channel the definition 

is like the corresponding one 

given by D. It 


is straightforward to see that for type IIB theory, the two definitions are equivalent and 
both of them yield type I theory, i.e.: 

type I = type IIB/D = type IIB/D . (151) 

It is important here to observe that one can define the world-sheet parity action on the 
closed string R-R vacuum, given in Eq.s (tro and (Cnni), only in type II/OB theories where 
the GSO projection imposes, in the symmetric picture, that the spinors have the same 
chirality in both left and right sectors. As a consequence, Eq.s (Eni) and (Csni) define the 
world-sheet parity action only on the following combination of states: 

(l«) ® 1/3), |d) ® 1/3)) = - (|/3) ® |d), 1/3) ® |d)) , (152) 

with an analogous expression for D, after having used the F-matrices in the chiral base, 
given in Ref.s m and ES], to decompose the 32-dimensional spinor |j 4) into two 16- 
dimensional spinors with opposite chirality: |A) = \a,a), This remark will be crucial 
when we analyze the world-sheet parity action on the boundary state. The boundary 
state, in the R-R sector, is naturally written in the asymmetric picture (—1/2, —3/2), 
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in which the GSO projected states of the R-R sector are constructed starting from 16- 
dimensional spinors having opposite chirality. IMl The world-sheet parity action on these 
spinors, for the reasons explained before, is not well-defined and, as we will see next, its 
definition has to be given in a consistent way. 

When used to construct an orientifold of type 0 theory, Q and (l do not yield any 
interesting theory. Indeed the former gives a tachyon-free theory having the same kinds 
of branes as type I (hence there are no D3 branes) while the latter gives a theory with 
tachyons. An alternative definition of the world-sheet parity operator allows to get a 
tachyon-free orientifold theory of type OB having D3 branes in the spectrum. It is given 


by the following operator: 

II' = with = 1 . (153) 

The action of II' in the closed string sector is: 

II'<Il'-i = < 
n'^A^ii'-^ = 

H'^A^II'-^ = (154) 

and 

H'(|0)_1 ® |0)_i) = -|O)_10|O)_1 (155) 

II'(|A)_i/2 0|R)_i/2) = , (156) 

where in the last equality we have used the following identity: 

(-I)"" (|A)_i/2 ® ® \D)_,/, . (157) 


In particular, for the same reasons explained soon after Eq. (11511) . Eq. H156I1 defines the 
world-sheet parity action only on the spinors having the same chirality in both sectors. 
This means that, introducing the 16-dimensional basis for the left and right spinors, we 
have: 

H' (^|a) (8) 1/3), Id) (8) 1/3)) = (^1/3) (g) |d), -|/3) (g) |d)) . (158) 

It can be seen from the dehnition of H' that it acts, in the open string channel, like both 
II and n do. 

Notice that, being the action of H', H and H on physical states identical in type IIB 
theory, one can also define type I as: 

type I = type IIB/H' . (159) 
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6.2 Closed string spectrum 


The spectrum of the type 0^ theory is obtained from that of the type OB one by selecting 
the n' invariant states. 

Let us start from the closed string spectrum. In the NS-NS sector, from Eq. (I155j) it 
follows that the closed string tachyon is projected out, while at the massless level only the 
graviton and dilaton fields belong to the spectrum, being the Kalb-Ramond field projected 
out. For what concerns the R-R spectrum, the action of fl' on the state in Eq. mn) is 
obtained by using Eq. (iisni)- One gets: 


O' 


{uA{k)uB{k)\A)\B)) 


-{±)uA{k)uB{k)\A)\B) , 


(160) 


where the upper [lower] sign is valid for the upper sign in Eq. (HH [ (tm i which corre¬ 
sponds to type OB theory. By expanding in terms of a complete system of E-matrices, one 
can see that the R-R field is invariant under O' if the following condition is satisfied: 


ua{T^,...^^C-Y^ub = -(±)uA[(r^,..^„C-i)^]^^us , ( 161 ) 


where the upper index T indicates the transposed matrix. But since one has, for odd n: 

= , (162) 

then Eq. (Cnii) implies 

1 =-(±)(- l )''(''-^)/2 _ 

If we take the upper sign, the previous relation is satisfied for n = 3 corresponding to a 
R-R potential ( 72 , while if we take the lower sign it is satisfied for n = 1, 5 corresponding 
to the R-R potentials Cq and C/^. This implies that the R-R massless bosonic spectrum of 
o' theory is the same as IIB. 

Moreover notice that because of Eq. (t™ . when acting on the original (R-|-, R-I-) sector 
of type OB (where T^^ = 1) H' leaves C 2 invariant and changes the sign of Cq and (^ 4 . On 
the contrary in the sector (R—,R—) (where T^^ = —1) O' leaves Cq and (74 invariant and 
changes the sign of C 2 - In particular this implies that the action of H' on the combination 
Cf defined in Eq. (tTTH) is to send , up to a phase, namely it exchanges the role 

of the electric and magnetic branes. This suggests that the only fl'-invariant Dp brane of 
type 0 ' would be a combination of the electric and magnetic branes of type OB, as we are 
going to discuss in detail in the next subsection. 


6.3 Boundary state 

Let us now consider the brane content of type 0' theory, looking at the action of D' on the 
type 0 boundary states. The expression of the boundary state is given by: 

\B ,r]) = \Bx)\B^ ,r])T^S-NS,R-R\Bgh.)\Bsgh. ,il)m-NS,R-R , (164) 
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where the various factors in Eq. (CMI) can be found, for example, in Ref. [7]. In order to 
determine the world-sheet parity action on it, we first remind how such an operator acts 
on the ghost and superghost oscillators: 

= bn Q.' Cn^'~^ = Cn 0.'Cn^'~^ = C„ (165) 

O'AO'-i = A = /3t = 7t = 7 * , (166) 

while the action on the vacuum states, in the NS-NS sector, can be determined by observing 
that n', by definition, exchanges left and right sectors, i.e: 

Q' [|o)_i ® |6)_i] = |6)_i ® |o)_i = |o)_i ® |6)_i (167) 

Q! [Ig^ = 1) (g) |g = 1)] = ci|0) (g) ci|0) = |g = 1) (g) |g = 1) . (168) 

By using the previous transformations for the ghost and superghost degrees of freedom 
and Eq.s (tTMl) and we obtain: 

^'\Bx) = \Bx) f^'|B^,h)NS-NS = -h)NS-NS 

= |i?gh.) ll'lBsgh. r/)NS-NS = l-Bsgh. - h)NS-NS ■ (169) 

These actions are compatible with the overlap conditions. Eor instance, the fermionic part 
of the boundary state satisfies the following overlap condition: 

Vl' \B^, rf) = ivS'^pipt'^ ^'\B^, ??) = 0 , (170) 

where the index t is integer [half-integer] in the R-R [NS-NS] sector. This condition clearly 
shows that i}'\B^, rj) satishes the same overlap as \B^, —rf) and therefore, apart from an 
overall factor, they can be identified. 

At this point we are able to give the world-sheet parity action on the whole boundary 
state in the NS-NS sector: 

n'|Rp,r/)NS-NS =-j^P,-h)NS-NS ■ (171) 

Like all physical states, also the boundary state must be invariant under the action of flh 
The invariant boundary state has the following form: 

|71p)ns-ns = — \Bp, -F)ns-ns = 2 +)ns-ns - j^P, -)ns-ns] • (172) 

By comparing this equation with Eq. dH), one can easily see that, as far as the NS-NS 
sector is concerned, the boundary state describing a Dp brane in type 0' is the sum of the 
boundary states of the electric and magnetic branes of type OB. This is consistent also 
with the comment at the end of the previous subsection. 

Let us now consider the R-R sector where we have only to analyse the transformation 
properties of the fermionic and superghost part of the boundary states under the world- 
sheet parity. In particular, it is convenient to separate the zero-modes from the tower of 
oscillators (nzm), i.e.: 

= \B^,v)RlR\Bi,,v)R-R 

\Bsgh,r])R-R = |Bsgh,r?)RlRl^sgh,h)R“R ■ (173) 
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It is easy to verify that: 

^)r “r = \Bi„ -r?)rR ^^'l^sgh, = |i3sgh, • (174) 

What is less trivial is to determine the action of on the zero modes. Indeed the vacuum 
in the R-R sector is written in a picture which is not symmetric under the exchange of 
the right and left sectors. Furthermore, the action of Q.' must be defined in such a way to 
be compatible with the following definitions: 

ro\A)®\B) = ■^{T^^fc\C)®\B) 

ro\A)®\B) = ■^{r^Y^irnl\C)®\D) , (175) 

where 1^4) and \B) are 32-dimensional Majorana spinors. 

It turns out that it is not possible to give a well-defined action of 11' on such a kind 
of spinors that is compatible with Eq. dnni). It is, however, possible to overcome this 
difficulty by giving the action of 11' on the 16-dimensional chiral representation of the 
32-dimensional spinors. In Eq. JEHl) this action is already given on the 16-dimensional 
spinors having the same chirality in the left and right sectors. Therefore, we have only to 
define as the world-sheet parity acts on spinors having opposite chiralities and it has to 
be defined in such a way to be compatible with Eq. jnsi). This requirement leads to: 

/ |a) ® 1^) |d) 1^) ^ / 1/3) 0 |a) |/3) ® |d) \ 

y |a) (g) 1/3) |d)(8)|/3) ) y|/3)(8)|a) -\P) ® \a) j 

Now we have all the ingredients to analyse how the zero-mode part of the boundary state 
transforms under H'. We remind that:[7j 

|Sv^,r/)®R= [Cr0...r^'(l + iryrii)]^^|A)|R) , (177) 

where C is the charge conjugation matrix and the usual factor (l-|-/r/)“^ has been omitted 
here and will be included, for future convenience, in the superghost part of the boundary 
state. 

Since p is odd then Eq. (HTTl) contains only an even number of T-matrices that in the 
chiral basis are all anti-diagonal. This implies that the 32-dimensional spinors appearing 
in the vacuum of Eq. (HTTl) can be decomposed in 16-dimensional chiral spinors, always 
having opposite chirality, i.e. 

|A) (g) |R) = (^|a) (g) 1/3), |d) (g) 1/3)) . (178) 

In conclusion, for p odd, 12' acts as follows on the 32-dimensional Majorana spinors: 

n'\A) ® \B) = \B) ® \A) (179) 

that implies the following action on the boundary state: 

^'\B^, -^)r-R > (180) 
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where we have used the identity 

[cr°...rp(i + r/r^^)]'^ = (-1)^ [CT°...rp(i-r/r^^)] . 

The same result can be obtained by following a different strategy. The zero modes of the 
R-R boundary states can be written in the following form; 

= 2^ (V’o + ivi’o) ■ ■ ■ I^9,??)r1r , (181) 

with 

I-B9, v)rIr = Cab\A) 0 \B) . (182) 

If we observe that 

n'\B9, = -{-irj)^^\B9, -r/)® R = \B9, , (183) 

we can write: 

^'\Bp, = {ir] f-P\Bp, = -{-irjY-P\Bp, -v)rIr , 

that coincides with Eq. if p is odd. 

Finally let us analyze the action of ^1' on the superghost boundary state 
overlap conditions 

(it + ir?7-t)|-Bsgh, h) = 0 iPt + ivP-t)\Bsgh, v) = ^ , (185) 

which hold for both NS-NS {t is half-integer) and R-R {t is an integer) sector, we deduce 
that Q'\Bggfi,p) satisfies the same overlap condition as {Bgg^, —p), therefore we conclude: 

^'\Bggh,v) = k\Bggh,-p) = 1 , (186) 

together with 

^'\Bggh,p)R-R = \Bggh,-p)R-R . (187) 

In order to hnd an expression of the boundary state \Bggh, p)r-r satisfying the condi¬ 
tions (CHSl) for integer values of t, we notice that the overlap equations can be alternatively 
written in a different way by factorizing ip and sending t —> —t. 

{it - ipi-t)\Bg^^, p)r-r = 0 {Pt- ipP-t)\Bggi„ p)r-r = 0 . (188) 

The boundary state \Bggh, p)r-r satisfying both conditions given in Eq.s (I185jl and II188D 
has to be symmetric under the exchange of 7 with 7 , /3 with /? and p with —p. The usual 
expression of the non-zero mode part of the boundary state, given for example in Ref. [7], 
trivially satisfies this latter symmetry. The zero-mode part, instead, has to be changed in 
order to be invariant under the world-sheet parity and it is natural to define it as follows; 

l-Dsgh, V/R-R — ^ 


gi?77o/3o 

1 + ip 


|0)_1 (g) |0)_3 


^-iVloPo 

1 — ip 


■|0)_1 (g) |0)_3 


(189) 


(184) 

. From the 
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where we have chosen for the phase factor the value k = 1 and, as previously said, we 
have included the factors (1 ± . By using the well-known identity: 


e^e^ = e^e^e[^’^l 

valid when [^4, B] is a c-number and using the formulas; 

7o|0)_3=0 /3o|0)_i=0 

2 2 

one can get the following relations 


(190) 


(191) 


7oexp[-ir77o/3o] = exp[-z?77o/lo](7o - i^7o) 7oexp[-zry7o/3o] = exp[-i7?7o/3o]7o 

/3oexp[-z7?7o/3o] = exp[-z?77o/3o](/3o + *??/3o) /3oexp[-ir/7o/3o] = exp[-ir/7o/3o]/3o- 

These equations allow us to prove that the boundary state in Eq. satisfies the 

required overlap conditions. Finally, after collecting Eq.s (ITTll . (ITHni) and (fTHTIl , we can 
write: 

9!\Bp, = (-1) ■ (192) 


This means that the boundary state invariant under fl' is the following: 


\Bp)r-r = — \Bp, +)r_r = - \Bp, +)r_r + (-1) 2 \Bp, -)r_r 


(193) 


Hence in type 0^ theory one has: 


\Bp) = |Hp)ns-ns + |-Bp)r-r , (194) 

with p odd, in agreement with the result of Ref. m, where the first term is given in Eq. 
drzi and the second one in Eq. (tro . 

Eq.s (fTTlTl and dini imply that the boundary states of type IIB theory, given in Eq. 
(fTTTll . is invariant under H' only for the values of p = 1, 5,9. As a consequence, the only 
boundaries that we can have in type I theory are the ones associated with the Dl, D5 and 
D9 branes. This remark can be seen as a check on the validity of our construction. 

Let us notice that the boundary state given in Eq. differs from the standard one 

given in the literature, only for the part regarding the superghost zero modes. However, 
it is simple to check that, in computing the interaction between branes, the contribution 
due to such modified boundary remains unchanged. 

As previously mentioned in type 0' there is a non trivial background made of the 09- 
plane and a stack of 32 D9 branes. These latter are described by the boundary states with 
p = 9 that we have constructed in this subsection. For what concerns the 09-plane, it 
also admits a microscopic description in the language of perturbative closed string theory, 
which is given by the crosscap state that we explicitly construct in Subsect. 6.5. 

^^Remember that [ 70 , do] = 1- 
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6.4 Open string spectrum 

In this subsection we determine the spectrum of the massless states living on the world- 
volume of N D3 branes of type 0' theory. We denote the generic open string state living 
in the world-volume of a Dp brane as: 


\X, ij) ^ Xijlx) i,j = l...N 


(195) 


where A is an hermitian matrix m corresponding to the Chan-Paton factors that describe 
the gauge degrees of freedom and y is the state made by the string oscillators. We denote 
by T“, 0 = 1,..., N'^ — 1 the generators of the group SU{N) normalized as follows; 


Tr 




(196) 


By adding the properly normalized identity generator we obtain the generators of the 
group U(N) given by T“ = , -^==1^ with o = 1,..., N'^. They satisfy the relations: 


Tr 


rpCLrpt 



a=l 


(197) 


Since any hermitian matrix can be expanded in terms of the U{N) generators we can write 
A as follows: 


A*,|X) = j;c„(r“),,|x) , (198) 

a=l 

where the Ca’s are arbitrary real coefficients. By considering: 

N 

i,j=l a=l 

= EcaTr[r'>T“]|x) = ||x) = \x,b) (199) 

a=l 

and using Eq. (tM , we can write: 

N 

\x,b)=^{T%i\x,ij) b=l,...,N^ . (200) 


Eq.s (11951) and (tm give two different representations of the same open string state. In 
the following we are going to use the basis defined in Eq. (IMl). The two basis correspond 
to the two ways of representing a gauge field in field theory. Indeed we can represent it 
by a matrix or simply by Aa- In particular, using the notation in Eq. 

a massless gluon state of the open string can be written as follows; 


r 


mV'-1/2|0) 


( 201 ) 
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where c and e are the two “polarization” vectors in the gauge and Minkowski space re¬ 
spectively. 

As usual, physical states are left invariant by the world-sheet parity. In order to 
determine such states we also have to define the combined action of O' on the Chan-Paton 
factors and on the oscillators, given by: m 

^'\x, ij) = (t^') nm) (202) 

ij) = \^'^X,rs) . (203) 

\ P P / sj \ P P / tr 

The explicit form of the matrix 7 ^^ is obtained by imposing the constraint: 

ij) = lx, ij) , (204) 

with 0 '^ = 1 that is a consequence of the fact that physics is invariant under a double 
inversion of the string endpoints. 

The massless states living on the world-volume of a D3 brane are given by: 

AaCi/2|0)-i , A<^V’^,/2|0)_1 (205) 

in the NS sector with a = 0,1, 2,3 and f = 4... 9 and by 

A^|A)_i /2 (206) 

in the R sector. The generalization of the last two equations to a generic p brane is 
straightforward: one has just to notice that in this case a = 0,... ,p and i = p + 1,... ,9. 
In the following, by imposing the invariance under the action of II', we determine the 
precise structure of the Chan-Paton factors and show that it is the same as in Eq.s (tra . 
(fni|l and (11251) . 

In the NS sector it is easy to verify that |II'^x) = |x) and therefore the Chan-Paton 
factors satisfy the condition: 

( 70 ;Aa,0 ( 7 ^/ 70 /) =Aa ,0 ■ (207) 

In the R-sector instead we have, for odd values of p: 

\^'\) = (r^+^..r®)"|A) = (-1)^|A) (208) 

and therefore the following condition has to be satisfied: 

(xn'Xo/) A^ (-1)^ = A 7 . (209) 

The constraints given in Eq.s (IWl) and (IM seem to be uncompatible. But we have to 
remember that the matrix A is diagonal in the NS sector (see Eq.s dm and (IMP and 
off-diagonal in the R sector (see Eq. (11251) 1 and therefore there is no contradiction. 
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In order to find an explicit expression of the world-sheet parity action on the Chan- 
Paton factors, satisfying both Eq.s (IWIl and let us write, in the case of a single 

brane: 




a b \ 

c d J ’ 


( 210 ) 


where of course det[ 7 Q, 7 ^^/] = 1 that implies ad — be = 1 and therefore: 



Eq. (12071) imposes the following constraints: 

6 = 0 c = 0 ad = 1 , 


( 211 ) 


( 212 ) 


while Eq. (IM yields: 


= a 



with 


= (-l) 


5-p 


(213) 


From the previous equation we see that 70 ^ is symmetric or antisymmetric if p = 1,5,9 
and that Tr[ 7 Q, 7 ^^/] = 0 for the D3 and D7 branes, in agreement with the results of Ref. 
m By collecting the previous results we can write: 




-} = I ^ 


5-p 

2 


(214) 


where e and e' are equal to ±1. In general one should consider e and e' dependent on p. 
However, as it will be shown in a while, the assumption that they are independent on p 
gives the right result when we compare the one-loop open string diagrams, which explicitly 
depend on the structure of the Chan-Paton factors, to the corresponding calculation in 
the closed string channel where instead we use the boundary state. The cancellation of 
the R-R tadpole in the case of the D9 brane implies that 7 ^^ is a symmetric matrix, isni 
i.e. 7 ^/ 7 q/ = +1, which fixes e' = —1. This yields: 

■ (215) 

Eq. (imi) implies that the matrices 7 ^^ ^ are symmetric, while the matrix 7 ^^^ is antisym¬ 
metric. In order to find the explicit expression of 70 ^ we have to impose Eq. (EH. In so 
doing one gets: 


70 ^ = 




with 7 = 0/9 . 


(216) 


However Eq. (EH does not fix either the determinant or the phase of 7 ^^. We can choose 
the determinant to be equal to (± 1 ) without changing the spectrum of the open strings 
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attached to a stack of branes of the same kind. For p = 3,7, by choosing detyn^ = —/37 = 
— 1 and fixing the phase of 7 ^^ to be equal 1, one reproduces Eq. (71) of Ref. [HSI, i.e.: 


70^ 




p = 3,7 


(217) 


By imposing the invariance of the states under the action of fl' and using Eq. (uni 

together with Eq.s (tTlHl) and dZI), one finds the following constraints on the Chan-Paton 
factors: 


Au = -7 o'A57o/ 


rp _^ 

A</, = 7r2'A<^7f^/ 


that are satisfied by taking 


Aa = 



0 

-A^ 


A^ 


^ 0 \ 

0 J ’ 


(218) 


(219) 


being A an NxN matrix. The last condition to be imposed on the Chan-Paton factors 
is A^ = A which fixes A to be an hermitian matrix, i.e. A = A^. The gauge group U{N) 
acts on the Chan-Paton as follows: 


A ^ IJXU^ 


( 220 ) 


where 


U = 


U 0 \ 

0 U ) ' 


( 221 ) 


with U being an NxN matrix of the U{N) group, and U being its complex conjugate. 
From Eq. ( 1 ^ we get the following conditions: 


Al = UAU^ A'^ = UA^U^ 


( 222 ) 


that are compatible since A is an hermitian matrix. The states given in Eq. describe 

a vector boson and six adjoint scalars of the gauge group U{N). 

Let us now consider the Ramond sector of the open string attached to the D3 branes. 
The world-sheet parity 11' acts on the massless states as follows {si = ± 5 ): 

S 2 , S 3 , S 4 ; *j) = - (7n') (7 q'M (r'‘...r^) |si, S 2 , S 3 , S 4 ; nm) , (223) 

\ '^ / im \ 3 / nj 

where we have used the second equation in and the fact that the action of 11 ' 

is the same as that of H. Remember that sq = 1/2 and the GSO projection imposes 
Yli=i — odd- Using the previous equations we get: 

(F^...r®) |si, S2, S3, S4; nm) = -I(2s2)-(2s3)-(2s4)|si, S2, S3, S4; nm) = 


= 21si|si, S 2 , S 3 , S 4 ; nm) 


(224) 
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where the GSO condition has been imposed. Then Eq. ( 1 ^ becomes: 

S2, S3, 54 ; *j) =-2isi (7n' ) (ho'M |si, S 2 , S 3 , S 4 ; nm) . (225) 

V ira\ 3 / nj 

Notice that (2si) coincides with the eigenvalue of four-dimensional chirality defined as: 

Tg = i ror^r^r^ = 4 NqNi = 2 Ni . ( 226 ) 

ThenEq.. becomes 

^2'|si, S 2 , S 3 , S 4 ; ij) =-*r5 (tq') (7o'M |si, S 2 , S 3 , S 4 ; nm) . (227) 

The invariance of the state under fl' yields the condition: 

A^, =-ir57t2^A^7“/ , (228) 

where we have denoted by Tg the four-dimensional chirality of the spinor. 

Furthermore, writing 

A* = ( ) (229) 

and imposing the hermiticity condition A^ = A|^, we get C = B\ 

Eq. (I228jl . together with the explicit expression of the action of the world-sheet parity 
on the Chan-Paton factors given in Eq. , gives: 

B = eTgfi'^ fit = -eV^B , (230) 

where B denotes the complex conjugate of B. The last two conditions are compatible 
if one remembers that the four-dimensional chirality changes its sign under the complex 
conjugate operation. 

The matrix B is antisymmetric if Tg = — e, while is symmetric if Tg = e. These 
conditions, and hence the open string spectrum, are exactly the same as the ones given 
in Ref. |32| . Consistently with that, Eq. (12201) implies B to transform under a gauge 
transformation as follows 


B' = UBU^ , (231) 

which is the appropriate transformation property for the two-index symmetric and anti¬ 
symmetric representation. In conclusion the spectrum of the massless states of type 0' 
theory consists of one gluon, six real scalars, all in the adjoint representation of the gauge 
group SU{N), two Dirac fermions in the two-index antisymmetric and two Dirac fermions 
in the two-index symmetric representation of the gauge group. We have two Dirac fermions 
for instance in the antisymmetric representation of the gauge group SU{N) because the 
state in Eq. (t^ . after taking into account the GSO projection, has four degrees of free¬ 
dom with four-dimensional chirality -|-1 and four degrees of freedom with four-dimensional 
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chirality —1. Notice that, even if the world-volume gauge theory is non-supersymmetric, 
its spectrum satisfies the Bose-Fermi degeneracy condition. Finally the coefficient of one- 
loop /3-function is given by: 

-,3 


Pia) = 


9 


(dvr) 


11 N AfN-2 N + 2 

- N -h 6— 2- -- 

3 6 3 12 2 


= 0 


(232) 


and therefore the gauge theory living on a D3 brane of type 0' theory is conformal invariant 
at least at one-loop. 


6.5 One-loop vacuum amplitude 

In type 0' string theory the free energy is simply: 


/■“dr 

Z° = Zl + Z^^, = 2j^ - 


TrNS, R 


^-2 -ktLq I 




1 + 17 ' 


(233) 


where the factor 2 in front of the last equation takes into account the two orientations 
of the open string exchanged in the loop. The annulus contribution corresponds to the 
interaction between two Dp branes while the Mobius strip describes the interaction between 
the Dp brane and the 09-plane. 

Let us compute it explicitly. is obtained by multiplying the expression in Eq. (CSZI) 
with iV = M by a factor 1/2 due to the orientifold projection, obtaining 


/■“ dr 

Zt = 2 / -T«,„ 


^-2-nTLo 


-Pgso(-1)^'’"^(-i)c.- 


= /vVp+i(87r2a')-^ 


/ 


dr 

P+3 
0 r 2 


■g 2770:' 


I 

(Mk)y 

(fmy 

(f2{k)y 

2 

yfiik)) 

\Mk)) 

\fiik)) 


that in the closed string channel (r = 1/t) becomes: 

,{87r^ar"-^[ 

Jo 


Zf = iVVr 


p+l\ 


>0 t~ 


y 

g 2Tra't 
^ 2 


[/^/3(d)y 

(f2{9)y 

( hia)y 



\Mq)J _ 


In order to compute Z^, let us observe that: 


Ttns 


Tr = {ikf/^2^fP-\ik)fl-P{ikyk 

Ttns = -i{ik)^/^f^~P{ik)fP~\ik)-k 


(234) 

(235) 

(236) 

(237) 

(238) 


where N is the world-sheet number operator defined in each sector of the string Fock 
spaces and the contribution to the traces coming from the ghost and superghost is already 
included. Instead the trace over the Chan-Paton factors gives: 

Tv^-^-[{hk\D.'\ij)] = 6ikdhj , {hk\nm) ('y^y 


= Tr 




P / nj 

= -2Ne^y^)5. 


+ (1,5,9) ) 


(239) 
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where we have used Eq.s (unu and (12151) and the normalization {hk\nm) = Skn^hm- Notice 
that this definition of the trace gives also the correct result for the planar diagram. In 
fact we get: 


Tr*^-^- [{hk\ij)] = Tr [AA] = 6kidhj{hk\ij) = SuSjj = {2NY . 


(240) 


Furthermore, remembering the action of the space-time fermion number operator on the 
Chan-Paton factors, given in Eq.s dnni) and (tT771) , we can write: 


Tr^-P-(/i/c|(-l)^“0'|zj)] =Ti 




= -Tr 

For the Mobius diagram, in the NS sector, we get the following expression: 


(241) 


yo 

^NS-,n' 


f 


dr 


TrNS 


^—2 -ktLo I 


n' 


'o r 
= f-2iVe“(^)<5. 


(-1) '’"-PGSO-P(-i)n 2 
'p, (1,5,9 )J a 


^+1 yop. yop. 




(242) 


with: 


Z°, = -Z° 




y—p 

= 2 ~ 


f 


dr 


Q r{p+ 3)/2 


g 2'kcx.' 


f2{ik) 


fi{ik) 


/ h{ik)y ^ 


\f2iik)J 



(243) 


where Eq.s (Enni), (1^ - (EHEI), (1^ and (EiU) have been taken into account. By using 
Eq. (12431) in Eq. (I242|) we get: 


^NS;n' — 0 


(244) 


It may be helpful to give Eq. also in the closed string channel by performing the 

modular transformation r = 1/(41), obtaining: 


Z^, = 2^Y<^) r dte-^t 

Jo 


'(f3{iq)y-' 


(hYq)y~^ 

r/3(^g)V■"■ 


\f2iiq)J 

{fiYq)J 

Kf2iiq)J 


(245) 

where q = e~'"^ and the identities in Eq.s (I3fi5l) and (IM have been used. 

Because of Eq. (ESI), the total bosonic contribution to the free energy simply reduces 
to the first two terms of Eq. (ESI), and in particular the contribution of the bosonic 
massless states turns out to be: 

dr _y^r 


Z/(bosonic massless) = 8N^l^+i(87r^a) 2 


L 


P+3 
0 r 2 


27^0.' 


(246) 


where the factor 8A^^ in front of the previous expression counts the number of bosonic 
degrees of freedom of the gauge theory living on the brane. 
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In the Ramond sector, the term corresponding to the Mobius diagram is given by: 


7° — 


f 


dr 




^-2 -ktLq I 




17' 


(247) 


It is easy to compute the traces over the non-zero modes, getting: 


rr\nzm 


r£ nzm 
^ R 




2(p-i)/2 


f2{ikf-^h{ikf-Pk^ (248) 


h{ikY-^f2{ikf-^-k^ , (249) 


2(9-p)/2 

where N are the world-sheet number operators and the ghost and superghost non zero¬ 
mode contributions to the traces have been already taken into account. The trace over 
the zero modes is instead given by: 


rp„ 2 .m. 


= 


Tr--' [I7'(-1)^°] = -2^5^,! . 
By collecting Eq.s (EnH), (1^ . (1^ . (unni) and H251I1 we get: 


(250) 

(251) 


7° — 


V, 


p+i 


/*c 


y T 

-T 2 0 27ra' 


do,p ( ) + 2^5p,i 


The previous expression can be written also in the closed channel as: 


(252) 


= 2"Rp+i(87r2a')-"^ / 2iVe'n^J5^ 5 9 ^ 


p+1 


<5-p 




dt e Sna't 


<^9,i 


f2{iq) 

h{iq) 


+ <5; 


'P,l 


(253) 


For p = 3 the fermionic free energy contribution reduces to the third term of Eq. (ESI 
that in the field theory limit gives: 

dr _yP 


Z"(fermionic massless) = —8N^Vp+i{8Tr"‘a ) 2 


L 


P+3 
0 r 2 


■0 2770:' 


(254) 


The number 8N‘^ gives exactly the number of fermionic degrees of freedom of the world- 
volume gauge theory which indeed consist of two Dirac spinors in the two-index symmetric 
representation of the gauge group and two Dirac spinors in the two-index antisymmetric 
one. 

For p = 9 Eq. (IM is divergent in the infrared limit t ^ 00 . This divergence signals, 
as in type I string theory, the presence of a R-R tadpole which must be cancelled by 
introducing a suitable background of D9 branes. In order to determine it we compute the 
Klein-Bottle amplitude for this model. It is given by: 


Zkb = 


r— 

Jo T 


Tr 


O' - - - 

_ g—27rr(Lo+io)^ggQ ^ '^'jGbc+Gbc+Gf3^-\-G 


(255) 
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where Peso has been defined in Eq. inUTl) . 

By computing the trace over the oscillators one gets {k = 


Tr 

TtnS-NS 


Q>g-'^'n-T{Nx+Nx+Nhc:+Nhc) 

^—2'n-T{N^+N^+Nf}^+N0j) 


ki 


rk 


-4 


TrNS- 


NS 


= -kl[U{k^f.k^ 

^,^-27TT{N^+N^+Nf3^+N0^)^_-^^F+F ^ 8 _^2 


TrR_ 


R 


^/^—2 ttt{N^+N^+Ni 3 j+N/s^) 


= k-sf^ik^yk 


TrR_R 


j^/g-27rr(iV^+7V^iV^^+iV^^)^_^^F+Fl ^ k-^ ff{k‘^)-k‘^ , 


(256) 


where we have already added the contribution coming from ghosts and superghosts. Let 
us consider now the zero modes contributions. In the bosonic sector one has: 




d^P -aW 


(257) 


(27r)‘^ (Svr^Ta')'^/^ 

By using Eq. (t™ . one can easily check that the R-R zero modes give a vanishing 
contribution to the trace in the partition function: 

P^z.m.R-R[^'] = ~l/2 < C\_i/2 < D\Q'\A>_i/ 2\B >_i/2 {C)bc{C)aD 

A,B 

= Tr(r^i) = 0 , (258) 


where the following identity has been used: 

< A\B >= (C-^)^-® . 

Thus collecting the contributions of the zero and non-zero modes we get: 


Zkb = -2' 


^10 f 

(87r2a')® Jo 




h{k^)\ 


(259) 


(260) 


It is useful to write Eq. (IM in the closed string channel by performing the modular 
transformation r = l/4t. According to Eq. (Ih64jl we have {q = e“’^*): 


olO RlO 

1*00 

dt 

0 

\f2iq^)Y 

(87r2Q;')5 J 


olO RlO 

poo -I 

f ^ 

'f2{q)] 

(87r2a')5 J 

0 ^ 

) 

Jiiq). 


(261) 


where the last identity follows after the change of variable t 

The sum of the contributions from the Klein bottle in Eq. (EEU), the Mobius diagram 
in Eq. for p = 9 and the second term in Eq. (ESSl) again for p = 9 corresponding to 

the R-R spin structure is equal to: 


Rio 


(87r2a' 


poo 

/ dt 

2io.l 

72(g)' 

® 1 
+ 2^N-- 

' f2{iq)' 

® 1 
-N^-- 

’/ 2 (g)’ 
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/o 

2 


2 
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(262) 
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If we restrict ourselves to the contribution of the massless states that is obtained by taking 
the ratio (/ 2 // 1 )® = 2“^, we get a R-R tadpole given by: 


that vanishes if we choose N = 32. This means that type 0' is free from R-R tadpoles if 
we have a background of 32 D9 branes inni as in type I theory. Notice that, as previously 
discussed, had we chosen 7 ^^^ to be an antisymmetric matrix, we would have obtained Eq. 
(I215jl with the opposite sign. This would have given a minus sign in front of the middle 
term in Ea. (l 2 h 2 jl and the cancellation of the R-R tadpole would not have been possible. 
The NS-NS tadpole can instead be extracted from the contribution of the massless states 
to the hrst and last terms of Eq. (12351) . It is given by: 




Eio 


(SVT' 




■■f 


dt 


(264) 


that cannot be cancelled. m 

Let us now compute the interaction between two Dp branes in the closed string channel, 
by using the boundary state formalism. But, before we do that, let us give the generaliza¬ 
tion of Eq. ( 1 ^ to the case in which we have an Op' instead of an 09-plane orientifold. 
In this case Eq. ( 1 ^ is modified as follows: 


7° 


/ —Ttr 

Jo T 




(-l)®bcPQgo P(_1)F, 


n' I 


9—p' 


(265) 


where we have assumed that p' > p and Ig-p' is the inversion on 9 — p' coordinates, i.e: 


0—p' 


{x‘ 


.p'+i 




p'+l 


,-x9) 


(266) 


The presence in the trace of the reflection operator follows from being the orientifold p'- 
plane obtained by performing 9 —p' T-dualities on 09. In general, n T dualities transform 
Q,' into Vl 'being Fl the space time fermion number. The reason why the ori¬ 
entifold projector contains also the term (— 1 )^^ is because the operator O.'I 2 n squares to 
unity only for n even. In fact represents a 27r rotation in n planes and, for n odd, is 
equal to (—1)^“ = (—1)^^“'"^^. Therefore: 

[L!72„(-l)^^]' = / 2 l(-l)''b+^«=I n = l,3 , (267) 

where we have used the fact that D'(—= (— 1 )^« and = 1 . 

(—1)^^ gives an extra minus sign in the R-sector depending on being the open string 
considered respectively the right or left sector of closed string. However, this sign ambi¬ 
guity is completely irrelevant in the discussion below and therefore we ignore it assuming 
for simplicity in the following that (— 1 )'^^ does not act on the open string. 

Ig-p' acts on the NS vacuum as: 


4-p'|0)-i — |0)-i 


(268) 
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In the R sector, instead, in order to determine the action of the reflection operator on the 
vacuum, we observe that a reflection in a plane corresponds to a rotation of an angle zhvr, 
therefore we can write for p' odd: 

-^Q-p'I'^O • ■ •'S4)-l/2 = e ^i=(p'+l)/2 |so • ■ . S4)_i/2 j (269) 

being the zero modes of the Lorentz group generators, i.e: 

. (270) 

By introducing the operators Ni given in Eq. (O) it is straightforward to verify that 
Ni = 5 ' 2 *. 2 *+i^ conclusion we get: 

4 

/9_p/|so . . . S4)_l/2 = (±2iiVi)|so . . . S4)-l/2 

i={p’+l)/2 

= (±)^rp'+i...r9|so...s4)_i/2 , (271) 


where we have taken into account that the state |so • • • S 4 ) is an eigenstate of the operator 
Ni with eigenvalue Sj = ±1/2. We fix the sign ambiguity in the previous equation by 
observing that, as previously asserted, 9-p' T-dualities have to be equivalent to the action 
of Q'Ig-p>. This means that : 

{Tg_p,)-^Q'^Tg_p, = ^ - = -(±)(9- p ')/2(_)(9- p ')/2 ^ (373) 


where, as explained before, we have neglected the action of (— 1 )^^ and denoted by the 
expression of the world sheet operator given in Eq. (t™ taken with A = 9 and A = p'. 
From Eq. (Unj), we see that the action of Ig-p' given in Eq. (Eni is compatible with the 
action of O' given in Eq. (EHI), only if Eq. TTm is taken with the minus sign. 

EjC^.s 5 5 and (125111 are modified as follows {p and p' are odd, 

with p' > p): 


Tr 
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rn^z.m. 

079-p'(-1)^^- 


Tr^- [079 -p'(-1)''“] 


(ifc) 


-2/3 


2 [ 8 -( p '- p )]/2 

(i/c)“^/^ 


f2{ikf-^p'-p^h{ikr'-p-k^ 


2 ( p '- p )/2 

'p,p' 
|p-p'|,8 


hiikf-^p'-p^f2{ikr'-p-e 


-2^6. 


—2^(5i„_„/i 


(273) 


The last two equations have been derived in Eq.s (EHTIl and (IM . Inserting Eq. (tTTHll in 
Eq. (12651) one gets: 
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Vr. 


p+1 


4(87r2a:')^2 


Tr 


7o'4_^,7n'4_p,j 


/■“ dr _£±1 y'^r 
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± 2 Sp'^p^g 


(274) 
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where is the matrix representing the orientifold action on the Chan-Paton factors. 

The explicit form of such a matrix can be determined by hrst observing that, in order 
to take into account the brane images under the Chan-Paton factors have to 

be 2N X 2N matrices. This implies that also 7 n'/g_p, has to be a 2N x 2N matrix. 
Furthermore, following Ref. jHO], 7 q// , has to be symmetric or antisymmetric, i.e: 

9 p 


Tr 




= ±2iV . 


(275) 


We can rewrite Eq. (ITTHl in the closed string channel by using Eq.s (I365B getting: 


<70 _ rip' —4 




p+i 


2(87r2a')^2 


Tr 
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dt 


t(0-p')/2 


g S-Koi't 


^PiP' 


f2{iq) 


9—p' _ 
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+ ^'j 


y,p+8 


(276) 


The boundary state in type 0^ string, as in type I theory, may be written as the sum of 
the usual boundary state describing a Dp brane and of the crosscap state which gives a 
microscopic description of the orientifold hxed plane. The Mobius contribution in the open 
string vacuum amplitude corresponds, in fact, in the closed channel to the interaction of 
the boundary with the crosscap. But, we have already seen that the contribution of the 
Mobius strip in the NS-NS sector is zero. Therefore we can write: 


\Dp)ns-ns = \Bp)ns-ns \Dp)r-r = \Bp)r_r + \Cp')r-r , (277) 


where the expression of the crosscap describing the orientifold p'-plaiiQ is for p' odd: 


\Cp)r-r = - 


|Cp', +) r-r + (-1) 2 ICp', -) r _ 


R 


(278) 


with |21| 


\Cp\ p) = \Cp x) \Cp^, p)r-r\C pgh^,gh) (279) 

T °° f-ii" 

|Cpx) = 2P'-^^ J|e- » "-"■^■“-"h9-P'(g-y)|0,0) (280) 

71=1 

OO 

| Cp '^, p)r-r = n , ( 281 ) 

71=1 

where Sgp, = {pafS, ~^ij) with a, (3 = 0 ... p', i,j = p' + 1.. .9 and 

|GpV>0)r-R= [^r0...rP(l + Z7?rii)]^^|7l)|R) , (282) 


where the part of the boundary states depending on the ghost and superghost is the 
standard one with the modihcations discussed in Sect. lOl 

The normalization of \Cp'x) can be hxed through the open/closed string duality, by 
requiring the amplitude R-R{Bp\/S.\Cp') r-r + R-R{Cp'\^\Bp) r^r, where A is the closed 
string propagator, to reproduce Eq. (tTznii . In particular, the normalization in Eq. (IM has 
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been obtained by taking in Eq. (ITTHl) the symmetric choice for the matrices representing 
the orientifold action on the Chan-Paton factors. There is, however, an argument that 
gives the normalization of the crosscap almost without making any calculation. In fact, 
by comparing for instance the second term of Eq. (ESI), corresponding to the NS (—1)'^ 
spin structure, with the second term of Eq. (I235jl . corresponding to the RR spin structure, 
we can get the normalization factor ^ where Tpi = . Then the additional 

normalization factor present in boundary state for the crosscap in Eq. (IM can be 
obtained by comparing the first terms in Eq.s (ITTHl and (i™ . In fact, by comparing 
these two terms with those considered above in Eq.s ESI) and ESSl), we see that we need 
in the normalization of the crosscap an extra factor This factor precisely 

agrees with the one derived in Ref. |SH] by observing that the R-R charge of the 09-plane 
is equal to —2^ times the R-R charge of the D9 brane and that the R-R charge of the Op 
plane can be obtained from that of the 09-plane by performing (9 — p) T-dualities. After 
(9 — p) T-dualities the R-R charge of one of the 2®“^ orientifold Op-planes will be equal 
to —2^/2®“^ = —2P~^ of the R-R charge of a Dp brane that is precisely the factor that we 
have obtained by open/closed string duality At this point it is clear why we needed to 
choose the minus sign in Eq. EZU). In fact, had we chosen the opposite sign, we would 
not have been able to cancel the phase appearing in the fourth equation in EZ31) and this 
would have obliged us to have this phase in the normalization of the crosscap in Eq. (IM . 
But this is not acceptable because T-duality cannot change the sign of R-R charge. 

From the previous equations we deduce that the boundary state describing the crosscap 
in the R-R sector can be formally obtained from the boundary of a Dp^ brane where each 
oscillator (an, V'n etc.) is multiplied by a factor z” and the overall factor [—2p'~^\ must be 
added by hand. Keeping in mind these substitutions, we can write the interaction between 
the boundary state and the crosscap by slightly modifying the expressions that give the 
interaction between a Dp and a Dp^ brane. We get: ElEI] 


R-r{Bp, r/IAICp, 
with 


2p'-4 


Y '^P '^P' 

2 2 2 



STTOc't 






iSp^p' 


n=l 


det (l -|- rjrj'SiSj(ie 
det (l — SiSj(ie~'^^y^) 
Tl6(5|p/_p| , 


(l - 

(1 + rjrj'(ie-^^Y'^f 


(283) 


where p = min(p,p') and p = max{p,p'). 

We have now all the ingredients to compute the interaction between a Dp brane and 
a crosscap. It is given by: 


= R-r(-Sp|A|C'p')r,_r -I- r_r(C'p'|A|Rp)r_r 

= r-r(-Sp|A|C'p')r_fi -I- r_r(Rp|A|C'p')j^_j^ • (284) 

minus sign can be obtained by comparing Eq. I1281II with the corresponding one for a D brane 
given in Eq. (7.232) of Ref. 1571 . 

^®We thank J.F. Morales for explaining their derivation m to US . 
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We have also taken into account that, due to the structure of the boundary state, the only 
non-zero contribution comes from the R-R sector. 

By using Eq. (EHl we can separately compute the two contributions with p = p' and 
\p-p'\ = 8 

r_r(Rp, rylAICp', r/')R_R = ^ 

(Svr^a') 2 


f 


dt (f2{iq) 

- g S-KOL't I - 

h{iq) 


9—p 

t 2 


(285) 


and 


R-r{Bp, ??|A|C'p', ?7')r-r = -2 2 


P+3p' p _ Rp+i N 
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(StT^Q;' 


p-f 1 




9—p 

0 t~ 


dt 

g STTCt't 


In the last two equations we have used the identity: 

Furthermore, as a consequence of the identities: 

7i(ig) = e“*^/i(ig) J2{iq) = e~''^f2{iq) 

Jsiiq) = e^^fYiq) lYY) = e'-^Miq) , 

we have: 

r-r(Rp, p\A\Cp, p')r-r =r-r{Cp, r]\A\Bp, p')r-r 

which allows us to write: 
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(286) 
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+ 2 1 
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-h (-1)^® ^^/^r_r(Rp, -jAICp', +)r-r 
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/ ~2EI 

Jo t 2 


g S'KOl' t 




f2iiq) 

fiiiq) 


+ 2"<5|„- 


b-p'1,8 


(290) 


which reproduces Eq. (Ezni), taken with jn'i , symmetric, for p' > p. 

9 p 

In the following we compute the interaction between two crosscaps. It can be easily 
extracted from Eq. ((2HSI) and one gets: 


R-r{Cp, p\A\Cp, p)r-r = -2^‘^P 1 


IQdpp!^idt -p-|- /1 

Jo (27r2to')(9-P')/2 n 


fj,' \ Tra' 

1 _1_ ^2n \ 8 


^2n 


(291) 
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that after the transformation t —> 2f and the use of the identity given in Eq. (IWI) with 
p = p', it can be rewritten as follows: 


n-niCp', MMCp'. 


f 


dt 


t( 0 -p ')/2 


(87r2a')(P'+^)/2 

\h{<f 


Taking into account Eq. (ITTHl) we finally get: 


(292) 


r_r{Cp'\^\Cp')r_r = -25(p'-5)/2Ep,+,(87r2a')-(^'+'^/" 
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dt 


t{ 0 -p ')/2 


V/l(9^ 


that transformed in the open string channel {t = 1/(4t)) becomes: 

dr 


ry r,( 3 p'- 19)/2 ^p' + l f 


lo r 


(p'+ 3)/2 




(293) 


(294) 


Eor p' = 9 it reproduces Eq. (IM . The previous equation can also be derived in the open 
string channel by computing the quantity: 


Zkb 



n^io- 


Hlg—27rr(Lo+Lo) ^_ -^'^Gt,c+Gbc+G p^+G Pq^q 


(295) 


where the GSO projection is defined in Eq. (tWI) . One must use again Eq.s (1256(1 . while 
Eq. (12571) becomes 


f d^^p 

J (^ 


Tr[n'lg_p,e-'^'^^P^] 


[ SP'+\0)e-^'^^P^ 

J (27r)P +1 ^ ^ 

X I d^-P'p^6^-P'{2p^) , 


(296) 


where the presence of two different delta functions is due to the action of the parity 
operator Ig-p' that changes sign to 9 — p' components of the momentum. By computing 
the integrals we get: 


/“ d^^p 

J (2^ 


Tr[n'lQ_p.e-‘^'^^P"] 


2(p'+i)/2 2p'-9 

(87r2Ta')(P^+^)/2 ’ 


= {27r)P'+^6P'+\0) 


(297) 


Eor what concerns the R-R zero modes they are identically zero. Indeed, by using Eq. 
(fT^ . together with the action of Ig-p' on the zero modes given in Ref. m and that 
generalize Eq. (uni) to the closed string case, one gets for p' odd: 

h-p'{\ a)_i^\b)_i^ = 

X |c)_i (g) |i))_i , (298) 
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and 


n'ig_p, {\A)_i ® \e)_i 0 |c)_i . (299) 

Thus evaluating the trace in the partition function, as showed in Appendix B, yields: 

T^^z.m.R-R[^'l9-p']=Arz.m.R-R[^'l9-p'i — ^)^~^^]=0 . (300) 

Thus collecting the contributions of the zero and non-zero modes we get Eq. (jMI). 

We conclude this subsection by noticing that the one-loop open string diagrams in¬ 
volving a D3 brane dressed with an external gauge field and a stack of N undressed D3 
branes get a non-vanishing contribution only from the annulus diagram (the Mobius strip 
is vanishing for p = 3 as it follows from Eq.s and (1^ 1 and it is exactly equal to 

the one given in Eq. 


6.6 Type 0' theory in the orbifold C^/Z 2 


We have seen in Eq. (IM that the one-loop /3-function of the world-volume gauge theory 
supported by a stack of N D3 branes in type 0' string theory is zero. Eor this reason, such a 
brane configuration does not represent an interesting model for exploring the validity of the 
gauge/gravity correspondence. In the following, in order to consider non-supersymmetric 
gauge theories having a non vanishing one-loop running coupling constant, we study type 
0^ string theory on the orbifold lR^’®xC^/Z 2 and in this background we consider fractional 
D3 branes sitting at the orbifold singularity. The Z 2 group has been already introduced in 
Sect. 13.2L The gauge theory living on the fractional D3 branes is the Z 2 invariant subsector 
of the open string spectrum introduced in Sect. 1(1.41 In particular, by using the orbifold 
actions defined in Eq.s m and dm, it is possible to see that this spectrum, even if 
non-supersymmetric, satisfies the Bose-Eermi degeneracy condition. Indeed it contains an 
SU{N) gauge field, two scalars in the adjoint representation of the gauge group, one Dirac 
fermion in the two-index symmetric and one Dirac fermion in the two-index antisymmetric 
representation of the gauge group. The one-loop /3-function is therefore given by: 


Pia) = 
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11 4 

- N + 2 -h - 

3 6 3 


N-2 N+2 
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= -2N 
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(dvr)^ 


(301) 


2 2 

that coincides with the /3-function of M = 2 Super-Yang Mills. 

In order to check the gauge/gravity correspondence in this case, one can apply the 
usual strategy, evaluating the one-loop vacuum amplitude of an open string stretching 
between a stack of N D3 fractional branes and a further D3 brane dressed with an SU {N) 
background gauge field. Notice however that the one-loop vacuum amplitude, given by 


Z = 


f 

Jo 


dr 


P, 


(-1)^ 


f e + h 


^—2ittLo I 








(302) 


simply reduces to the annulus contribution . Indeed the Mobius strip Z^, is zero because 
of the trace on the Chan-Paton factors. In fact, by using the definition of trace in Eq. 
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taken in this case with j,h = 1,..., N, N + 2,... 2N + 1 and i,k = N + 1,2N + 2 
and specifying Eq.s jnsi) and (EH for p = 3 


7n' - 


0 (5 

ifj 0 




i 0 
0 -i 


(303) 


where each element of the previous matrix is actually an (iV + l)x (A^ + 1) matrix, we get 

N 2N+1 


Tr 
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E+ E 
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7n; 


7n'^ 

3/ ih V ^^3 / hi 


= i — i = 0. 


(304) 


i=N+l,2N+2 lh=l h=N+2A 
In conclusion the one-loop vacuum amplitude reduces to the annulus contribution: 


Z = Z° + ZS 


(305) 


with Z° and exactly given respectively in Eq. (jUJ and in Eq. m- In fact, the 
expressions in Eq. (IM that follow from Eq. (IM without the term with Q' have an 
additional factor 1/4 with respect to the analogous ones in Eq. (1351) . But, on the other 
hand, the Chan-Paton factor gives a factor 4iV as we are now going to show. From Eq. 
we get: 


Tr-\{ij\hk)\ 


E 

i,k=N+l,2N+2 


N 27V+1 

E+ E 


j^h=l j^h=N-\-2 


Tv[h] xTr[l 2 iv] = 4Af 


^jh^ik 


(306) 


Being the expression for the free energy Z in Eq. (IM exactly equal to the one of type 
IIB theory on the orbifold C^/Z 2 , discussed in Sect. 13.21 it is clear that the /3-function for 
the non-supersymmetric theory living on N D3 branes of type 0^ theory on the orbifold 
C^/Z 2 is equal to the one of AA = 2 super Yang-Mills in agreement with Eq. (|301l) . 
Moreover, as in the case of type IIB on C^/Z 2 , the only non trivial contribution to the gauge 
theory parameters comes from the massless states propagating in the annulus without 
threshold corrections. Analogously, in the closed channel the only non trivial contribution 
comes from massless closed string states propagating in the cylinder, without threshold 
corrections and it leads exactly to the right values for the gauge theory parameters at one 
loop. 


7 Gauge/Gravity Gorrespondence in Type IIB on n'/6(-ip 

In this section we study type OB string theory in the orientifold Q', where 12^ is 
the world-sheet parity operator and is the space-time fermion number operator in the 
left sector. 

^®Notice that we are interested in computing the one-loop vacuum amplitude of an open string stretching 
between the stack of the N undressed branes (labelled by with their “fl'-images” labelled by 

N 2,, 2N + 1) and the dressed brane (labelled by Y -I- 1, 2N + 2). 
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This theory has a non trivial background made of an orientifold fixed plane which is, 
by definition, the set of the points left invariant by the combined action of Q' and Iq. In 
our case such a plane is located at = • • • = x® = 0. 

The world-volume gauge theory of N D3 branes in this orientifold of type OB is an 
example of AA = 4 orientifold field theory, j34) which is planar equivalent (i.e. equivalent in 
the limit N ^ oo with A = Qym^ fixed) to AA = 4 super Yang-Mills. After discussing the 
case of type OB on Q 'on flat space, we consider some orbifolds of this orientifold 
and, within this framework, we analyze the world-volume gauge theory living on a stack of 
N fractional branes. We start with discussing the gauge theory living on N fractional D3 
branes in the orbifold C^/Z 2 . In the planar limit this theory, which is non-supersymmetric, 
shows some interesting common features with M = 2 super Yang-Mills. Then we drive 
our attention to the more interesting case of the orbifold C'^/(Z 2 xZ 2 ). Here the gauge 
theory living on N fractional branes is the one recently discussed by Armoni-Shifman- 
Veneziano, that for N = 3 reduces to QCD with one flavour. In Table 2 the spectrum of 
the world-volume gauge theory of N D3 branes in type and its orbifolds 

is summarized. 

7.1 Open and closed string spectrum 

Let us determine the spectrum of the massless open string states attached to N D3 branes 
at the orientifold plane. The massless open string states in type 0 are given by Eq.s (dSl), 
(fnn and (IT^ . On these states we have then to impose the orientifold projection and 
select only those states that are invariant under the action of H'/g. In the NS-sector we 
have (in the picture -1): 

H'/g Ci/2|0,fe) ^-Ci/2|0,A:) , H7g V'ii/2|0,A:)^-V>ii/2|0,fe) (307) 

and therefore the invariant states satisfy the constraint: 

■ (308) 

By using Eq. (OTTl) with p' = 3, we can write: 

4 

/g|so ... S4) = ... S4) = J|(±2iYi)|so ... S4) 

i=2 

= ±r^...r9|so...s4) ■ (309) 

As previously asserted, we have to take the minus sign in Eq. (IM and therefore in the 
R-sector we have: 


7 Lg|so ... S 4 ) — |so •. ■ S 4 ) —■ (310) 

In the previous equation we should also consider the action of the operator (—1)^^. This is 
irrelevant or gives an extra minus sign in the R-sector depending on being the open string 
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considered respectively the right or left sector of the closed string. However, it is simple 
to check that this sign ambiguity is completely irrelevant in determining the spectrum of 
the massless states. 

In the last part of this section we determine the orientifold action on the Chan-Paton 
factors. First we observe that these have to be 2Nx2N matrices in order to take into 
account their images under H'/g. Furthermore, following Ref. m, they have to satisfy 
the constraint 'ywig = i7o//g that implies 




0 ^NxN 

±InxN 0 


(311) 


By substituting Eq. (Em) in Eq.s (IITO and Em, one gets for the bosonic and fermionic 
Chan-Paton factors the following expressions: 




H 0 \ 

0 ) 



(312) 


where in the last one we have implemented the hermiticity of the Chan-Paton factors and 
the matrix B can be chosen to be either symmetric or antisymmetric depending on how 
the sign in Eq. Em is chosen. In particular the symmetric choice for the matrices given 
in Eq. Em leads to fermion in the antisymmetric representation of the gauge group, 
while the antisymmetric one to fermions in the symmetric representation. The number 
of bosonic degrees of freedom is which corresponds to one gauge boson and six real 
scalars transforming according to the adjoint representation of SU{N). In the fermionic 
sector one has 8iV^ ± 8iV corresponding to four Dirac fermions in the two-index symmetric 
(-I-) or antisymmetric (—) representation. Notice that the spectrum does not satisfy the 
Bose-Fermi degeneracy condition that holds in type 0 and 0' theories. In this case such a 
degeneracy is present only in the large N limit. 

Moreover the spectrum of this theory has the same bosonic content as AA = 4 SYM. 
This is an example of planar equivalence Emm between a supersymmetric model, the 
AA = 4 SYM, which plays the role of the parent theory and a non-super symmetric one, 
that is the orientifold HTe(—1)^^ of type OB, which is the daughter theory, the two being 
equivalent in the large N limit. In Sect. 17.3L by using string techniques, we will explicitly 
see that in this limit the two theories have the same /^-function. 

Let us consider the closed string spectrum. Since Q.' leaves invariant the metric and 
the dilaton, while it changes sign to the Kalb-Ramond field, it is easy to see that in the 
NS-NS sector the orientifold projection selects the following states: 


4>, 9 a 0 , gij, Bia with a,/3 = 0, ...,3 z,j = 4, ...,9 , (313) 

where (/>, g and B are respectively the dilaton, graviton and Kalb-Ramond fields. In the 
R-R sector the states which are even under the orientifold projection are 

(R-|-,R-|-) ^ Co, Cai, Coi23, Capij, Cijhk, (314) 
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(R ,R ) > Cafj, Cij, Cafi^ii Caijk ■ (315) 

The previous results follow because, as explained at the end of Sec. 2, fl' leaves C 2 , Cq 
and C 4 invariant and changes the sign of C 2 , Cq and C 4 . Notice that the R-R 5-form field 
strength surviving the orientifold projection is the self-dual one {dC^ = *dC 4 ^), while the 
anti-self dual one {dC^ = —*dCi) is projected out. 


7.2 One-loop vacuum amplitude 

In this section we compute the one-loop vacuum amplitude of open strings stretching 
between two stacks of N D3 branes in the orientifold flTg, the action of the operator 
(—1)^^ being irrelevant in the open string calculation, as previously discussed. 

The one-loop open string amplitude gets two contributions, the annulus Z^, which 
encodes the information about the interaction between the two stacks of branes, and the 
Moebius strip which instead describes the interaction of each stack of N D3 branes 
with the 03-plane: 




i 


n'h 

—TrNS-R 
r 


e + O'/e 


P< 


(_i)fs (-1)'^'"= Pcsoe 


^-2-ktLq 


(316) 


The annulus contribution is equal to the one in Eq. cnzi) with M = N and with an extra 
factor 1/2 due to the orientifold projection. For p = 3 we get: 


Z/ = N‘ 


V4 


dr 
Jq 2t^ 




(f 2 {k)Y 

\fiik)) 

\fi{k)) _ 


(317) 


In particular it vanishes because of the abstruse identity and this signals the absence 
of any force among the branes. The contribution of the Mobius strip, corresponding to 
the insertion of O'/g in the trace, is instead non-trivial. Let us first compute, for such 
a term, the trace over the Chan-Paton factors. By fixing the standard normalization 
{hk\nm) = 6 kndhm, one finds: 


TrC-P- 

TrC-P- 




[{hk\n'p\ij)] = TV 
[{hk\n'hi-1 f‘\ij)] =TV 


7o/7g7(_\)Fs 


(318) 


Furthermore, from the explicit form of the matrices introduced in the last expression and 
given in Eq.s (inii) and (EUl), it is straightforward to check that 


Tr 


7o//g7(_\)Fs 1 q ' 


= -Tr 


7n'j'6To'/6 


(319) 


This identity implies that the NS contribution to the free energy vanishes. 
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A non-vanishing contribution comes from the R sector, where the trace over the non¬ 
zero modes {n.z.m.) gives 


ry n.z.m. 

^ R 


rp^n.z.m. 
^ R 


^-2TTr{N^+Ni3^)^/ 


(ik) 

¥ 




e“2’^^(^>A+^/3'y) J7'/g (_ 1)^ 


(ik) ‘^^^ff{ik)-k‘^, 


while the trace over the zero modes (z.m.) is given by: 


Tr|j™- 


Tr 


Z.m. 

R 


n'lei-lfp-y = Tr|j”^- [(-1)*^°] = -2^ 
[h?76(-l)^°] = [(-1)^°] = 0 . 


(320) 

(321) 


(322) 

(323) 


By inserting Eqs. (|318l) . (13191) and (1320 j) (13231) in the term with fl'/g in Eq. (13101) . we 
get: 


7° 


R4 


4(87r2a')2 


Tr 


lain'Is 


r ^ 

Jo 


f2{ik) 

fiiik) 


(324) 


where we should use that Tr 


7 


hl^^h 


= ±2A^. Notice that, because of the Mobius strip 
contribution, the interaction between the N D3 branes and the 03-plane in this orientifold 
does not vanish. 

Eq. (13241) is finite in the infrared limit r —> oo. In order to analyse its behaviour in the 
UV regime we perform the modular transformation r = l/4t which leads into the closed 
string channel. We get: 




n'/6 


R4 


4(87r2a')2 


Tr 


ih’hln'Ie 




(325) 


The previous equation reproduces Eq. (IM with p = p' = 3 for the symmetric choice 
of the Chan-Paton factors. The solution obtained by taking antisymmetric Chan-Paton 
factors would correspond to define the crosscap with the opposite sign with respect to the 
one in Eq. (tM . 

It is interesting to observe that the latter expression is invariant under the open/closed 
string duality and therefore it is also finite in the limit t —> oo. In conclusion Eq. is 

well-defined both in the IR and UV regimes and such a property provides a first hint of 
the absence of R-R tadpoles in this orientifold. We will come back on this point later. 

The Mobius amplitude, together with the third term of Eq. (HTTYl) . gives the total 
fermionic contribution to the free-energy which at the massless level reduces to: 


Z°(femionic massless) 


-{8N‘^±8N) 


Va 

(STr^a')^ 



(326) 


As usual, the factor (8V^ ± 8N) in front of the previous expression counts the number of 
the fermionic degrees of freedom of the world-volume gauge theory, which indeed agrees 
with the counting of the previous subsection. As already noticed, we do not have the same 
number of bosonic and fermionic degrees of freedom propagating in the loop and, in par¬ 
ticular, the additional ±8V fermionic term comes from the Mobius strip, which therefore 
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is responsible of spoiling the Bose-Fermi degeneracy of the theory. m This contribution 
is subleading in the large N limit. 

Notice that Eq. (I, ‘1241) . apart from the Chan-Paton factors and the substitution k ^ ik, 
is 1/2 of the free energy, describing in the R-sector the interaction between two D3 branes 
in type IIB string theory. It is, by the way, also equal, through the previous substitutions, 
to the correspondent expression in type 0 theory, given in Eq. dinsi)- 

The existence of the orientifold plane can be a source of inconsistency of the background 
if it generates R-R tadpoles which are not properly cancelled out. In order to check the 
consistency of the background in the present case, we have to analyse the field theory 
behaviour of the two closed string diagrams involving the orientifold plane. These are the 
Mobius strip, that describes the interaction between the branes and the orientifold plane, 
and the Klein bottle, which gives the self-interaction of the orientifold plane. We have 
already evaluated the Mobius strip and seen that it does not lead to any tadpole. In order 
to be sure about the consistency of the background, we should also consider the Klein 
bottle. It can be obtained from Eq. (EMI) for p' = 3. One gets: 


^ _ 2-514 f^dTfh{e)\ 

In order to write the previous expression in the closed string channel, one has to perform 
the modular transformation t —> ^ and to use the modular transformation properties of 
the functions fi obtaining; 



Zrb = 


2-"K4 rat ( f2{q^) \ 
{S'lr'^a'y Jo 


(328) 


which is finite in the limit t ^ oo leading to no R-R tadpoles! One can conclude that the 
03-plane does not generate any R-R tadpole and therefore the background is perfectly 
consistent, as expected, being the space transverse to the orientifold plane non compact. 


7.3 One-loop vacuum amplitude with an external field 


Let us consider, in the open channel, the one-loop vacuum amplitude of an open string 
stretching between a D3 brane dressed with a constant SU{N) gauge field and a stack of 
N undressed D3 branes. The gauge field is chosen as in Eq. El- The presence of the 
external field modifies Eq. (I324jl as follows: 


2Tr 


= - 




(Svr^a 


n2 


f ,4 dr _ 

J d xy—det{r] + F) J —e simrvf sirnrug 


/|(zfc)02 {iVfT\iT + 1/2) 02 {iVgT\iT + 1/2) 
fi{ik:)Qi {wfT\iT + 1/2) 0i {iUgT\iT + 1/2) 


(329) 


Notice that in the previous expression we should have put y = 0 because all branes are 
located at the orientifold point. However we keep y / 0 because it provides a natural 
infrared cutoff. Eq. Em describes the Mobius strip with the boundary on the dressed 
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brane. The trace over the Chan-Paton factors gives ±2 counting the dressed brane and 
its image under Q.' 1^. The overall factor 2, instead, is a consequence of the fact that in the 
trace we have to sum over two different but equivalent open string configurations: the first 
one in which only the end-point of the string parametrized by the world-sheet coordinate 
(T = 0 is charged under the gauge group, and the other one in which the gauge charge is 
turned on instead at the other end-point at ct = vr. 

In the last part of this subsection, in order to explore the gauge/gravity correspondence 
in this non-supersymmetric model, we evaluate the threshold corrections to the running 
coupling constant. 

The starting point is again Eq. (jSUl) that we now expand up to the quadratic order in 
the gauge fields without performing any field theory limit (more details on the calculation 
are contained El obtaining {k = 


1 


9ym 


1 dr 

Jo t ^ 


f2{ik) 


^ + t^log/JW 


(330) 


where the upper sign refers to the antisymmetric choice of the Chan-Paton factors while 
the lower sign to the symmetric one. 

We can now perform the field theory limit corresponding to r ^ oo, —> 0 keeping 

the quantity a = lira'r fixed. In this way from Eq. (IM we get: 

1 16 /■“ da 


9ym 


= T 


3(47r)2 7i/^2 a 




(331) 


where A is an UV cut-off and /r = is an IR one. By using Eq. jsi and adding the 
contribution of the tree diagrams we get the following expression for the running coupling 
constant: 

1 1 1 

(332) 


5ym(i^) 


1 ^ /C 

9ymW ^ 37r2 A2 


(333) 


Einally from Eq. one reads the expected /3-function m 

^ _L 9ym 16 

WSi'if) - ■ 

As already observed, in the planar limit N ^ oo with A = Qym^ fixed, the ratio 
PidYu)/9 ym reduces to zero and coincides with the one of its parent theory AA = 4 
SYM. 

It is also interesting to write down the one-loop amplitude given by Eq. in the 

closed string channel by performing the modular transformation r = l/4t, as shown in [SI 


dt 

—e sttcU sm TTVf sm TTVg 


Z^{F)n'i, = + F) ^ 

/|(ig)02 02 + i) 

ft{iq)Qi + \) 01 (^|it -h 

Expanding this equation up to the second order in the external field gives {q = 


(334) 


9ym 


= ± 


(47r) 


f 


dt 

-g STra't 


f2iiq) 

hik) 


^ -F -dtlogf^iiq) 

6 TT 


(335) 
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Under the inverse modular transformation t = l/4r this equation perfectly reproduces the 
expression obtained in the open channel (Eq. (IM l. as one can easily check by using Eq. 
(I365j) . The field theory limit of the previous expression, realized as f —> oo and —> 0 with 
s = 2TTa't hxed, gives a vanishing contribution . One could be led to conclude that the 
gauge/gravity correspondence does not work in this non-supersymmetric model. However, 
in the planar limit {N oo and Oym^ fixed) the theory has a vanishing /3-function, as 
already noticed after Eq. (jSSSl)- Therefore one can conclude that in the large N limit, 
where the Mobius strip contribution is suppressed and the gauge theory recovers the Bose- 
Eermi degeneracy in its spectrum, the gauge/gravity correspondence holds and admits a 
consistent interpretation in terms of open/closed string duality. 


7.4 Orbifold CVZa 


The gauge theory living on the fractional D3 branes is the Z 2 invariant subsector of the 
open string spectrum introduced in Sect. 17.11 By using Eq.s 113 and (t™ it is easy 
to see that the spectrum contains one SU(N) gauge field, two real scalars in the adjoint 
representation of the gauge group and two Dirac fermions in the two-index symmetric (or 
antisymmetric) representation. Notice that the spectrum has a common sector j34j with 
J\f = 2 SYM, namely the bosonic one. However, because of the fermionic contributions 
which are different, the one-loop /3-function of our theory contains a subleading correction 
in 1/N with respect to M = 2 /3-function: 




11 N 4iV±2 

- N + 2—+2 - 

3 6 3 2 


_ 9ym^ 

r 8 1 
-2 ±- 

(47r)2 

[ 3N\ 


(336) 


In the large N limit the subleading term in 1/N is suppressed and the two /3-functions 
coincide. This circumstance signals the existence of a planar equivalence between the two 
theories at one-loop and suggests the possibility of an extension of such equivalence at all 
perturbative orders. The one-loop vacuum amplitude of an open string stretching between 


Table 2: Spectrum of the SU{N) world-volume gauge theory of N D3 branes on the top 
of the 03-plane. 



on flat space 

0H/H'l6(-1)^^ 
on G? /'L 2 

0H/H'l6(-1)^^ 
on C^/(Z 2 XZ 2 ) 

Gauge vectors 

Adj {2N^ d.o.f.) 

Adj (2Y2 d.o.f.) 

Adj (2Y2 d.o.f.) 

Scalars 

6x Adj (6Y^ d.o.f.) 

2x Adj (2Y2 d.o.f.) 

- 

Dirac fermions 

4xlIIII or 4x0 

2xm or 2x0 

cm or 0 


{8N^±8N d.o.f.) 

{AN‘^±m d.o.f.) 

{2N‘^±2N d.o.f.) 

1-loop (3-function 

_i_9ym 16 

IGtt^ 3 

z' o_L 8 ^ 

167r^ 1 

^9ym 1 Q_i_ 4 ^ 
167r^ 1 

Parent theory 

M = i SYM 

M = 2 SYM 

M = 1 SYM 


71 



















a stack of N undressed D3 branes and a dressed one is given by: 


Z = 


f 


dr. 


-TrNS-R 


1 “b /r \ / e ~t“ 


(- 1 )' 


where the trace over the Chan-Paton factors has been understood and we have used the 
following notation: 

However notice that the term (—1)'^'* gives a non vanishing contribution to the trace on 
the Chan-Paton factors, only if it appears together with the projector H'/g, namely in the 
terms in the second line of Eq. (IM . 

The first two terms of Eq. are the ones we have already computed in the previous 

section (apart from an additional factor ^ coming from the orbifold projection). Here we 
need just to evaluate the last two terms. The third term turns out to be equal to the one 
appearing in the pure orbifold calculation given in Eq. 611 ), as follows from the fact that 

Tr(ijje|nm) = 6jjdmm = 4A^ Tr(ijK—l)^'®|nm) = 0 , (339) 


^e+^eVl)-« 


7 O I yO 

m'le + ^n'h{-l)Fs 


7° — 
^he = 


^hQ'Ie 


= T: f + ZP, 


hfl'Ie “f ‘^hn'l6(-l)Fs 


(338) 


where the indices i,m = 1,N, N + 3,...,2N + 2 enumerate respectively the stack of 
N undressed branes and their images, while the indices j,n = N + 1, N + 2 indicate the 
dressed brane and its image. 

Analogously, the last term in Eq. (IHH71) can be obtained from Eq. iU with the 
substitution k ik. As noticed after Eq. (2.5) of Ref. jTT], in the twisted sector, only the 
NS and NS(—1)-^ and R(—1)^ sectors contribute to the amplitude. However, the presence 
of the type OB projector — makes the NS and NS(—1)^ contributions to vanish 

because of Eq.s 611 and 6ini)- Thus the only twisted sector which gives a non vanishing 
contribution to the interaction is the R{—1)^ which is equal to 


7° 


= =F 


2i 


327r2 




dr 


2ttol' 


(340) 


The overall factor 2 again takes into account the two inequivalent configurations that we 
have to consider in evaluating the trace, as discussed after Eq. 6zni)- 

Then the coefficient of the gauge kinetic term in this theory comes only from the 
second and third term of Eq. 6SZI) corresponding to the untwisted Mobius strip and 
twisted annulus and turns out to be: 


1 

9ym 


1 f°° dr _ vF 

-- / - e 2-n-a' 

lOVT^ Jq T 



(341) 


72 











where the first two terms give the massless states contributions to the running coupling 
constant coming from the twisted annulus (leading term in N) and the untwisted Moebius 
strip (subleading term in N). The last term, given by: 


A = 



16 

y 


(fiy) 


(342) 


contains the threshold correction due to the massive string states, which are subleading 
in N because they come entirely from the untwisted Moebius strip. 

In the field theory limit only the massless states contributions survive and one gets: 


1 

9ym 


1 

IGvr^ 



IL 

A2 


(343) 


consistently with our previous calculation in Eq. (IM . Moreover from Eq.s m and 
(ininii . following the same procedure as in Ref. ini, one can read also the 0 angle which 
receive contributions only from the massless states propagating in the twisted annulus and 
Moebius strip and turns out to be 


Oym = -29{N ± 2) , 


(344) 


where 6 is the phase of the complex cut-off Ae“*®. Notice that, differently from what 
happens for the running coupling constant, neither the leading nor the subleading term in 
N are affected by threshold corrections. 

The gauge theory so obtained shares some common features with J\f = 2 SYM. As 
previously noticed, the running coupling constant and the /^-function of this theory, in 
the large N limit, reproduce those of AA = 2 SYM. Moreover also the 9ym angle in Eq. 
m in the large N limit reduces to the one of M = 2 SYM, implying that, in the planar 
limit, the two theories are very close to each other. This connection appears as the natural 
extension to the case M = 2 of the Armoni, Shifman and Veneziano planar equivalence 
for M = 1, in which the parent theory is the M = 2 SYM and the daughter theory is the 
world-volume theory of N fractional branes of our orbifold. 

Finally, it is useful to rewrite the previous expressions in the closed string channel. By 
using Eq.s (IHHni) and (IM and the well-known modular transformation properties of the 
©-functions, we can rewrite Eq.s (|IT|) . (IMl and Z^,j^ in the closed string channel. The 
other terms in the free energy are irrelevant in the forthcoming discussion because they 
are vanishing in the field theory limit. From the annulus we obtain: 


yc _ 
^he — 
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J d^x^J-det{r] + ^ 


dt 
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-g 2TTOp~t 


4 sinvrz/j- sfmrvg 


(Svr^a' 

[0|(O|R)03(z//|R)03(r'g|R) - 0|(O|R)02(i^/|R)02(t'g|R)] 


&l{0\it)Qi{uf\it)Qi{vg\it) _ 


327r2 


-g 2770.'t 


(345) 
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while from the Mobius strip; 


Z^n'iAF') = 


Z, 


hQ'h 


(F) = T 


/|(zg)02 {^\it + 02 {^\it + 

/i (*9)01 {^\it + 1) 01 i^\it + i) 

2i f ,4 ~ r°° ^ 

Jo t 
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e 8-^c7i sin 


TTUf 


sin 'KVn 


327r2 


/ 




g S-JTCt't 


(346) 


(347) 


By expanding the previous expressions up to quadratic terms in the external field and 
isolating only the terms depending on the gauge field, we have from the annulus: 


zm 
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-- / 


- m 
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327r2 
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N /■“ dt 

8vr2 /o t ^ 

.oo ^ 

Jo 


27VOc't 


2tzol' t 


(348) 


The last two equations are exact at string level even if they receive a contribution only 
from the massless closed string states. For y = 0 both of them are left invariant under 
open/closed string duality and for this reason one expects to obtain, from the closed 
channel, the planar contribution to the /3-function and the complete expression of the 
0-angle. 

By expanding the Moebius strip amplitude to the second order in the background field, 
one gets: 


Z^n'i.iF) 


X <^± 


■(47r) 


fOO dt 

^Jo 


[| + ^dtlogfiiiq)] 


f 2 (iq) 

fi (*<?) 


(349) 


In this case the massless pole in the open channel is not left invariant under open/closed 
string duality and by performing the field theory limit on such expression, we obtain a 
vanishing result. 

Summarizing, from Eq.s (EMI) and (IMl we get the following expression for the running 
coupling constant at the full closed string level: 
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9ym 


N 

Stt^ 

1 

IGvr^ 
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dt 
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/2(*g) 

/i(*9) 


^ -F -dt\ogfJ{iq) 

O TT 


(350) 


where the first line corresponds to the massless states contribution coming from the twisted 
cylinder while the second line corresponds to the threshold corrections coming from 
Zn'h ^hich are subleading in N. By performing the field theory limit, only the first line 
survives and therefore one can conclude that the closed channel is able to reproduce only 
the contribution of the planar diagrams to the /3 function in Eq. EMI), but not also the 
contribution of the non planar ones. 

In conclusion, we can assert that the gauge/gravity correspondence certainly holds in 
the planar limit. However, some non planar information can be still obtained from the 
closed channel as the example of the 0-angle has showed. 


74 



























7.5 Orbifold CV(Z 2 xZ 2 ) 

Let us consider now the orbifold C^/(Z2xZ2) of our orientifold theory. The action of this 
orbifold has been discussed in Section 3. 

The states left invariant are one gauge vector and one Dirac fermion in the two-index 
symmetric (or anti-symmetric) representation of the gauge group. Also in this case the 
theory has a common bosonic sector with a supersymmetric model, that is AA = 1 SYM. 
It is simple to check that the /3-function for this theory is, at one-loop: 


P{9ym) 


9ym 

(dvr)^ 



AN ±2' 

_ 9 ym^ 

r 41 

3 2 


3N 


( 351 ) 


which differs from the one of AA = 1 SYM because of the subleading term in 1/N. 

Notice that for N = 3 the two-index antisymmetric representation is equal to the 
fundamental one. Therefore, with the antisymmetric choice, the world-volume gauge theory 
living on a staek of N fractional branes in the orbifold j of the orientifold type 

QB/ D76(-1)^^, for N = 3 is nothing but one flavour QCD. This is an alternative and 
simpler stringy realization of the Armoni-Shifman-Veneziano model. In Ref. m and 
references therein, the same gauge theory is realized, in the framework of type OA theory, 
by considering a stack of N D4 branes on top of an orientifold 04-plane, suspended between 
orthogonal NS 5 branes. It would be interesting to exploit the relation between the two 
models which should be connected by a simple T-duality. 

Besides the stringy realization, the gauge theory we end up with is related by planar 
equivalence to AA = 1 SYM. In the language of Armoni, Shifmann and Veneziano, the 
symmetric (-|-) and antisymmetric (—) choices correspond to the S and A orientifold 
theories of AA = 1 SYM. This opens the way to a very interesting extension of many 
predictions of supersymmetric parent theory to the non-supersymmetric daughter theory, 
which holds in the large N limit. m 

As discussed in Sect. 3.3, the orbifold C^/(Z2xZ2) can be seen as obtained by three 
copies of the orbifold C^/Z2 where the i-th Z2 contains the elements (1, h*) (i = 1,... 3). 

In particular we consider the one-loop vacuum amplitude of an open string stretching 
between a stack of Nj (I = 1,... ,4) branes of type I and a D3-fractional brane of type 
7 = 1 dressed with an SU{N) gauge field. In this case the amplitude turns out to be given 
by the sum of eight terms: 


Z = 


r— 

Jo T 


YrNS-R 


1 -|- hi -|- /i2 -|- /13 \ / e D7( 




(-1)^ 


3 

X ^ [Zl, + . ( 352 ) 

i=l 

Here the hrst two terms are the same as the ones of the previous orbifolds except for a 
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further factor 1/2 due to the orbifold projection. The terms turn out to be 


yo _ 


4 sinTTz/j sinTTiyg 


f-m fA,/-det(n + F) 

2 (Svr^a')^ y ^ jo 0|(O|ir)0i(zz^/r|ir)0i(ii/gr|ir) 

X {0i(O| ir)04(ii^/r|ir)04(wgr|ir) — 04(O|ir)03(w/T|ir)03(it'gr|ir)} 
ifi{N) f /■°° dr 




(353) 


where the functions fi{N) are given in Eq. (1831) . As in the previous orbifold case, all the 
bosonic terms of Zf^n'ie vanish because of the contribution to the trace of the projector 
while the R{—1)^ sector gives 


Kn;. = =F^ /. (354) 

By extracting the coefficient of the gauge kinetic term from the held theory limit of the 
amplitude in Eq. and specializing to the case A^i = A, ^"2 = A^s = ^"4 = 0 we get: 


1 

9ym 


1 

IGvr^ 


3A^ 


log 


A2 


while the theta angle 9ym turns out to be 


(355) 


9ym = -{N ± 2)9 


(356) 


We can repeat the same analysis in the closed string channel by transforming under 
open/closed string duality Eq. (I352jl and performing all the steps explained in the last 
subsection. However, being Eq.s (jSH), (135411 and coincident, apart from an overall 

factor, with Eq.s m and (IMUl we get the same conclusions as we did in that subsection. 
In the closed string channel one is able to capture, in the held theory limit, only the planar 
contribution to the /3-function and the complete expression for the d-angle. Gauge/gravity 
correspondence in these non-supersymmetric models has a full consistent interpretation 
in terms of open/closed string duality only in the large N limit even if some non planar 
results are still present in the closed channel. 


8 Conclusion 

In this article we have investigated the conditions that have to be satished for mak¬ 
ing the gauge/gravity correspondence to be at work, both in supersymmetric and non- 
supersymmetric string theories. The supersymmetric theories, that we have examined, 
are Af=l,2 SQCD, showing that the gauge/gravity correspondence is a consequence of the 
open/closed string duality if the threshold corrections, i.e. the contribution of the massive 
string states to the gauge coupling constant and 6 (yM-angle, vanish. Indeed when this 
happens the contribution of the massless open string states is necessarily mapped, under 
open/closed string duality, into the one of the massless closed string states and this pro¬ 
vides the reason of why it is possible to get gauge-theories quantities from supergravity. 
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This equivalence between massless states in the two channels has an interesting conse¬ 
quence. In fact, on the one hand, it is clear from Eq. m that the massless open string 
states generate an UV divergence for small values of the modular parameter r. On the 
other hand, open/closed string duality together with the absence of threshold corrections, 
transforms such a behaviour in an IR logarithmic divergence in the closed string channel. 
Such a divergence in the closed string channel has a precise physical meaning: it corre¬ 
sponds to the propagation in the two transverse dimensions not included among those on 
which the orbifold acts, of some bulk field. We can therefore conclude that the vanishing 
of the threshold corrections determines the propagation in two dimensions of some bulk 
helds which contribute, through the holographic identities, to the gauge-theory parame¬ 
ters. This is exactly what happens in the supersymmetric models taken in consideration 
where those bulk fields are in fact the twisted fields. 

The same analysis has then been performed for non-supersymmetric models. In partic¬ 
ular, we have considered D3 branes stuck at the fixed point of orientifolds of type 0 string 
theory. The gauge theory living on the world-volume of such branes provides an example 
of the so-called orientifold field theories. The most interesting model has been obtained 
by taking fractional D3 branes in type in the orbifold C^/(Z 2 x Z 2 ). In fact 

in this case we get QCD with one flavour. In these models we have shown that, for the 
^VM-angle, the threshold corrections are absent, while, for the gauge coupling constant, 
they are vanishing only in the large N limit, As a consequence, the 0-angle can be ex¬ 
actly obtained from the closed string channel, while the gauge coupling constant can be 
obtained from the closed string channel only for large N. Again their values are given by 
massless closed string helds propagating in two dimensions. 

Table 3: Summary 


THEORY 

GAUGE/GRAVITY 

BOSE/FERMI 

NO FORGE 

THRESHOLD 



degeneracy 


GORREGTIONS 

Bosonic 

No 

No 

No 

7^0 

type OB 

No 

No 

No 

7^0 

Dyonic branes 

Yes 

Yes 

Yes 

= 0 

in type OB 





O’B 

Yes 

Yes 

Yes 

= 0 

0B/B'/6(-1)^"' 

Yes 

Yes 

Yes 

= 0 

igYAt) 

for N ^ 00 

for N ^ 00 

for N ^ 00 

for N ^ 00 


Yes 

No 

Yes 

= 0 

{Sym) 

also for finite N 

for finite N 

for finite N 

also for finite N 
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A 0-functions 

The ©-functions which are the solutions of the heat equation: 

^0 {u\iT) = -^dl@{v\iT) (357) 
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are given by 


CO 

Qi{iy\it) = Qn{u, \it) = - 2 q\ sinTrz^ [(1 - 

n=l 

oo 

e 2 {v\it) = 0io(i^, \it) = 2 q^ costtz/ ]J [(1 - q^^){l + e‘^^^''q‘^^){l + 

n=l 

oo 

Qsiu, \it) = Qooii^,\it) = n [(1 - 

n=l 

oo 

e^{u, \it) = 001 (z/, \it) = n [(1 - ^ ^353) 

n=l 

with q = e~'"'^. The modular transformation properties of the 0 functions are 

0 i(z^|it) = i 0i(— 


02,3,4Hii) = 04,3,2H^|J)e-""'/‘t-^ . (359) 

It is also useful to define the /-functions and their transformation properties: 

CO 

= n(l; (360) 

n=l 

00 

/2 = v/2z7i^ P[(l+g2-) ; (361) 

n=l 

00 

/3 = g-M P[(l+g2n-l) . (3g2) 

n=l 

00 

= n• (363) 

n=l 


In the case of a real argument q = e they transform as follows under the modular 
transformation t —> 1/t; 

/i(e-f) = Vt/i(e“’"*) ; / 2 (e“T) =/4(e“’"*) ;/3(e“’"*) =/3(e“T), (364) 

while for complex argument one gets: m 

/i(ie“^‘) = (2t)“^/^/i(ze“s) /2(ie“^‘) =/2(ie"s) (365) 

/3(m-"^) = . (366) 


limMdiil 

u^o 2sin7rz/ 


The following relations are also useful: 

02,3,4(0^^) = /i(e“’'‘)/l,3,4(e“’'‘) 
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/f(e-"‘) . 


(367) 



It is also useful to give an alternative representation of the ©-functions: 


0 


(u\t)= 


where a, b are rational numbers. It is easy to show that 
1 
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{„\t) = -i ^ 0^ ^^1^) 


and 
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(^ 1 ^) = e 


int{n-l)\inu{2n-l) ^ = _0^ ( j, + i|t 


From the definition in Eq. (IM it is easy to derive the following identities: 
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a -1- ei 
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a -I- hj 
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2=1 


I- hi 
Qi 




( 368 ) 


(369) 


(370) 


(371) 


(372) 


with hi = Yli9i = 0 and i/' = ^ i^-Ui + Y.j^i ^j) ■ Eq. (13711) can be used to write a 
different expression for the 0-function. In fact, by applying such equation with a = b = 0, 
we get: 


0 

0 

2 

/ 61 60 \ tTTte-i . iTrei eo 

(z/ + -t + -|t) =e 4 'e 2^0 

ei 
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V 2 2 ' / 

£2 


Redehning ei = a and 62 = 6 , we have: 
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a 
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+00 


{u\it) = JJ(l - q‘^"')yl -h q 

n=l 
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2i7T{y-\- ^l+a 


(373) 


X (^1 + . 

Under an arbitrary modular transformation t —> ©i transforms as follows 


(374) 


=r/'0i(z2|t)e--V(ci+rf)(ci + ^)i ^ (375) 

\ct + a ct + aJ 


ct + d ct + d 

where g' is an eighth-root of unity. It implies the following transformation of 0 


1 - 


01 


( "1 
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V 2 ' 
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( ^1^ 
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V t 2 

1 




1 

2 \ 2 


(376) 

that is obtained from Eq. (IM by first making the substitutions z/ —> — | and i | ^ 

and then choosing a = d = l,c = 2 and 6 = 0. By performing in the previous equation 
the substitution t —> 4it we get the following equation: 


e, (-1) = i_ eUkli +1) e—V(«) (_L 

' 2 ' 2) i V4t'2 At) \2it 
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1 \ 2 


(377) 
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Finally, by using Eq. (EZi with a = b = d = \ and c = 0 we can write: 


01 {v\t + 1) = -q'Qi {v\t) 


( 378 ) 


This latter equation allows us to write 


1 


©1 =T70i 


(379) 


that, inserted in Eq. (13771) . leads to: 


+ =01 


4t'2 ^ 4t ' 


1 

1 \ " 
2it 


(380) 


In order to get the analogous transformation property of 02 , we use the following 
relation: 


02 


( "1 

t 

1 

1 2 

4 

2 


= -01 


1 — u t 1 
2 ^4 ~ 2 


(381) 


Then, by applying Eq. (I375|l with u —> ^ ^ | — 5 and a = d = 1, c = 2, 6 = 0, to 


1 — 1/ > _ ^ _ 1 

2 ’ ^ ^ 4 2 

the second term of the previous equation, it can be rewritten as 

1/2 

4 ' 


01 


1 — u t 1 
2 ^4 ~ 2 


1 i7r(l-;/) ^ 


ry' 


* 01 


1 - 1 / 1 1 
t '2~ 1 


and then, by substituting it in Eq. (EHIl) and sending t ^ Ijt, one gets: 

(-i's - 5) = -y 0. (d - ocl - 1 ) 


(382) 


(383) 


Let us consider the 0i in the second term of the previous equation. By defining in it 
t' = ^ — t and then u' = —v (^ — t') we can rewrite it as 


01 (^(1 =01 (^ 1 ^' 1 ^') 


(384) 


Therefore, by using Eq. (EHl) with a = 6 = 1, e 2 = 1, ei = —2, we can write Eq. (TMl) as 
follows: 


01 (^(1 - Z 2 )t 11 - = ie-(i- 20‘02 (^-vt I i , 

where we have restored the variables u and t and used the following identity: 


(385) 


0 


-1 

2 


(z/|t) = -0 


{v\t) = -02(z^|t) , 


(386) 


that can be easily derived starting from the general expression of the 0 -function given in 
Eq. (13681) . Then by inserting Eq. (j385l) in Eq. (13831) we get 






{2ty. 


(387) 
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Furthermore, by performing the substitution t ^ Eq. becomes 


4t ’ 

^ I i ^ i 




2 .- 2 , - (388) 

Finally, by rewriting 02-function in terms of 0i by means of Eq. (IHTni) and using Eq. 
(ITTHll , we can write: 


The last identity allows us to write: 

0 + i) e-™v(«)( 2 ,t,-l 


(389) 

(390) 


B Derivation of some results 


In this Appendix we explicitly derive many equations of the previous sections. 

In order to derive the coefficient of the gauge kinetic term in the open string channel, 
we need the following expansions of the 0-functions up to the quadratic order in the gauge 
helds: 


0n[w/T|zr] ~ Qn[0\iT] +2 — dr&n[0\iT] f 

TT 


for n = 2, 3,4 and 


SlUTTUf 


= fi{k)fn{k) 1-2T‘^k-^log[fi{k)f!^{k)]f 


1 + ( F + log/i (^) ) f 


01 [ii/fTlir] 2Tff{k) [ \6 

- 5)Vf (e“^^) 


for 01 , together with 


V-det(77 -b 27ra'F) = I - -{f - + 


f-g^ = - 


(27ra' 




-F^ 


and 


2 n 


E 'i'q _ 

I — q'in 2-^ 


^ 2r) 

qZn 


n=l 


j 2 n / -! _ q 2 n \2 

Eqs. (Enu) and EH may be proved by using the following relations: 

1 


^ (1 — /c2n-1^2 


^ 2 n-l 

^ (1 -|- dk 


E 

n=l 

oo 

E 

n=l 

oo 

E 

n=l 

oo 

E 


2 log n(i-fc“)+ log 11(1 

L n=l n=l 

T r ^ oo oo 

logll{l-k^-) + logll{l + k^^-^) 


n=l 


n=l 


k 


2n 


d 


^ (1 -|- k'^'^y ^'dk 


k"^^ _ _ d 

^ (1 — k'^^Y dk 


^ OO oo 

-iogn(i-^'")+iogn(i+^'") 


n=l 

oo 


n=l 


■ log n ( 1-0 


n=l 


(391) 

(392) 

(393) 

(394) 

(395) 


(396) 
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For selecting the coefficient of the gauge-kinetic term in the closed channel one needs 
the following expansions of the ©-functions at the presence of an external field 


= 0n(O|it)- drQniOlit) P 71 = 2,3,4 

TT 




l__/25^1og (/i(e-"‘)/2(e-"‘)) 


vr 


(397) 


and 


sin 


TTUf 


01 {uf\it) 2ff{q) 


l-2fqdglogll{l-q^^) 


(398) 


for 01, which has been used to obtain Eq. dinni). 

The Euler-Heisenberg action in Eq. (IM is obtained through the use of the following 
expressions which hold for r —> oo and a' ^ 0 : 


Qi{iuT\iT + 2^ ^ 

— 27 ( 7 / 0 )^/^ sinh TTZ^r , 

02(7i7r 7r + 2 ^ 2 ( 7 ^:)^/“^ cosh ttvt 

(399) 


Vf —> —2a if 

, Vg -2a g 

(400) 

and 



f2{ik) ^ V2iik)^/^^ 

(401) 

which, together with 


\J—deifq + F) sin tti/j 

simrug = i{2'Ka')‘^fg , 

(402) 


lead to Eq. (14561) . 

In order to derive Eq. (IHTinil we need to use the expansions of the ©-functions given 
in Eqs. (jMJ) and (jsni in which the second argument is zr ^ instead of ir. The effect 
of the previous shift is simply to change the argument of the /^-functions in Eqs. (jsnu) 
and (EHJ) from k to ik. By inserting these equations with an imaginary argument in Eq. 
(I329j) . we get {k = 


~ ±4 


1 


(Svr^a' 
1 




y r 

- g 2TZOt' 




r 7 

2 

'fU'i-ky 

[2Tff{ik) 


./l(*fc). 


d 


1 + ( ^+T^^^log/f(ifc) j l + 2{f - g^)'^drlog{fi{ik)f^{ik)) 


= T 


(Stt^ 

1 




y T 

- g 2T:ot' 


f2{ik) 

fiiik) 


+ - 


1 


-h -drlog f^{ik) {f -g^) 


3r2 vr 

Erom it we can easily obtain Eq. if f{g) = 2tt a'f{g) is taken into account. 


(403) 
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In order to write the amplitude in Eq. (Ezni) in the closed channel we need to perform 
the modular transformation r = l/4t that gives 


1 f ! -^ dt 

/J(ie-'‘) 02 (i*li + ae 2 (iJli + a 


Sin TTUn 


(404) 


ffiie + + 

Eq. (14041) is obtained from Eq. dSUl) by using Eq.s (13651) and by changing variable 
from T to t = ^. Finally, by using Eq.s (IM and (IM one gets Eq. (IHHl) from Eq. 

(EOH). 

Let us write now the formulas for the ©-functions that are needed to get the previous 
equation. We show that this is equal to Eq. (ESI)- 

In order to obtain Eq. we have used the following expansions in the external 

field 


0 n ( + ^ 


0 . 


0|it -I- - 


-l8,e„(o|« + i)L 


= fl{k)fn{k) 


f 2 n 


1 2qdqlog[fi{iq)f^{iq)] — 


for n = 2, 3,4, and 

sinTTUf 


Qi {^\it + ^) ff{iq) 


1 + f 


^ -ga iloglJ (1 “ 


(405) 


(406) 


for © 1 . 

In the following we give some equations useful in computing the traces over zero modes 
in the R sector (p' odd): 


rp z.m. 




= -Tr 


pp'+l p9pp+l p£ 


Tr 


(-ifS, 




(407) 


while 


rp z.m. 


L!79_p,(-1) 


po 


^-hml^Tr 

x^l 1 — 

= -2 (5|p_p/|^8 , 


= -Tr 

4 


pllpp^+1 p9pp+l p£ 


TV [Igh.] 


4 4 4 

Nk n (2ziV,) J] (2iW) 

A:=0 A:=0 i=(p'+l)/2 i=(p+l)/2 


(408) 


where we have used Eq.s ESI. The previous equations have been used for deriving Eq.s 

( 07 ! 1 . 

In order to define properly the trace over zero modes in the R-R sector in Eq. (I258j) 
and (innni) . let US start from considering the trace of the identity matrix I in the 272. 
dimensional spinor representation: 


Tr[I] = 2^2 


(409) 


























and observe that I can be considered of course as the product C being C the charge 


conjugation operator. Hence we have: 

2-^/2 = Tr[I] = ^ = Y,<m> {C)ba > (410) 

A,B A,B 

where we have used 

< A\B >= . (411) 

This shows that: 

Tr[I] = < A\I\B > Cba (412) 

A,B 

and therefore for any operator O one has: 

Tv[0] = '^<A\0\B>Cba . (413) 

A,B 

Let us apply this definition to Tr |^n^/ 9 _p/ : 

Tr [n'h-p^] = ^ < C| < D\n'lQ_p>\A >\B> {C)bc{C)ad ■ (414) 

A,B 

We know that, for p odd, the following equation holds: 


H ^9—p' 


\A >_i \B >_i 
2 2 


= (r»,,,r»'+‘)^( 

Hence the trace dim) becomes: 


p9 pp' 




B 


E >_i \F >_i {C)bc{C)ad. (415) 

E 2 2 


Tr [L!79_, 


= _i < C\_i < D\ {T^...TP‘ 
2 2 ' 


•' + 1 


p9 pp'^+lpll 


B 


E >_i \E > 1 {C)bc{C)ad 

E 2 2 

= rP'+^y^{(T^ ... TP'+^ry^^ (Cbc){Cad) 


n9 




-'+1 


A r 


J F L 


(C-I)’'] [(r»... u'+'r"] ® [cq 


Ida 


= Tr 
= Tr 


T^.. rp'+^(C'“^)^C'r9... rp'+^r^i(C“^)^C' 


py pp^H-ip9 


'+ 11-11 


= 0 , 


(416) 


where we have used = —C~^ and Tr [T^^] = 0. 

In the following we compute the superghost zero modes contribution to the interaction 
between two branes and we show that it coincides with the results known in literature. 
The zero-mode part of the supeghost boundary state is given by: 


„\{o) _ 

-Dsgh, '//R-R — ^ 

1 


1 


JmoPo Q-imoPo 

— |0)_i (8) |6)_3 --—|6)_i (8) |0)_3 


1 + ip 


1 — ip 


„\(o) + 1 ^( 2 ) „ao) 

l-°sgh’ V/R-R W ^/r_r 


(417) 






















Consistently, we also have: 

R-R^^’-^sghl = 

1 

71 

Let us now compute 


(0) 


(g) _3(0|- 


''' (n I + + (n B 

-RV/>-°sehl ^ ^ R-R\'h 


j-*)?/3o70 
1 — irj 
( 0 ) 


+ _3(6| (8)_i(0| 


Jv^oio 
1 + ir] 


R-R\ 


sgh 


>( 2 ), 

■^sghl 


(418) 


RlR(r?2, ^sghl^sgh, ??i)r7r = ^ lim [ ^sghl^ 1^2’ ^i)r-R 

+ r/i )2 


( 0 ) 


sgh> '/1/R-R 


(419) 


The first contribution to the previous expression is the one given in Ref.s ES] and IMl, i.e: 


( 0 ) 


R-RW2, ^sehl^ l-Dgeh’Vl/R-R — 


sgh 


sgh’ R R \l + rii'n 2 x‘^ 


^mv2R 


+ T7 




2 ( 1 + x 2 ) i{r]i - r] 2 ){l - x'^) 
Let us now compute the second term in Eq. (EHI): 


(0) 


R-R\'/2’-“sehl-^ l-Dseh’Vl/R- 


sgh 


sgh’ 'J^/R—R 


pimPolO p-ir/lPoPo 

= _3(0|®_l(0|^ -_^-27 o/3o^^- _|0)_1 ® |0)_3 

2 2 1 + JRo 1 — zm 2 2 


By observing that: 


and using the identity: 


e^Be-^ = B + [A,B] + ^[A, [A, B]] + ... 


'2 1 + zr/2 1 - (??i 

boPo, Po] = uPq 
1 , 


we can compute: 


from which it follows: 


Furthermore, since 


we can write: 


X 


X~‘^"^oPo pn^2-yoPo — 3;-2n^n 


-2'yoPop-ivioPo^2'yol3o _ p-iv^ ^-yoPo 


= e 


7o|0)_3 = 0, 


(no B®nil® 
r_r\'/ 2’ -Ogghl-^ l-^sgh’ '/1/R-R 


= K -7o|®-4(o| 


aim Polo 


-27o/3o 


Q-imioPo 


x270/^0|0)_i 0 |0)_3 


2 1 + Z?72 


= K _76|®-4(o| 


pimPolO Q-iVl^ ^loPo 


2 1 + i?72 1 - ipi 


1 


1 - ir)i 

| 0 )-i ® |0)-3 


-’ni»? 2 ;l 


+ 77 


-’»?i’? 2 ;-l 


(420) 


(421) 

(422) 

(423) 

(424) 

(425) 

(426) 


1 - z(?7i - r]2) + r/iT /2 yx"^ + 7/1172 J 2(1 + x^) 7(7/2 - r]i){x‘^ - 1 ) 


-, (427) 
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which concides with Eq. (IM . 
In conclusion we have: 


R-r{V 2 , Bsgh\x — 


(0) _ ^r]iri2-,l 




2(1+x2) i{rji - rj 2 ){l - x‘^y 


(428) 


which coincides with the results given in Ref.s [S^ and 

Finally, we give the action of the operator /g-p' with p' odd on the boundary state: 


h- 


9—p' 


cr^..rp (i + nE^M \A)\B) 
'\ab 


cr°...rp'(i + r/r^^) • • • rp'+^) ^ 


9t^8 


pyp 


■TP' 


•'+1 


CT^ .. .TP' {1 + pT^yr^T 


■TP' 


■'+1 


\A)\B) 


J AB 


CT^ ...TP (1+pT^y \A)\B) . 

iAB 

In the latter two equations we have used the following identities: 

(r^i)^ =(r^)"^ =m = o...9 


(429) 


(430) 


C Euler-Heisenberg actions 

We start by summarizing the calculation of the Euler-Heisenberg action for an arbitrary 
gauge theory containing Ng real scalars and Nf Dirac fermions and described by the 
following Lagrangian in d space-time dimensions: 

L = + + . (431) 

If we expand it around a background solution of the classical equations of motion, 
assuming that the fluctuation A satisfies the background gauge condition, 

, {D^A^r = 0 (432) 

and keeping only up to the quadratic terms in the fluctuations, we get the Euler-Heisenberg 
effective action: 

1 N 

Seh =-TrlogAi + - l)Tr log Ao - NfTrlogAi /2 , (433) 

where we have neglected the contribution of the classical action, and 

(Ai)“t = -(^')“'V + (Ao)*^' = -(D^^ (Ai )*^' = (434) 

is the covariant derivative computed in the classical background. The determinant in 
Eq. (I433B can be explicitly computed if we assume that the field strength corresponding 
to the background A is constant. In this case we get: 

Seh = Nil + Cglo + C// 1/2 , (435) 
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where 


In = 


d-‘xr 


fo- 


go- 


(47r)'i/2 J fjl+d /2 


for the scalar, 


h = 


N 


(47r)c*/2 




sin(/cj) sinh( 5 cr) 
“ da 


(436) 


l+d/2 


X 


a 


lo¬ 


go- 


d — 2 + 4 sinh^( 5 cr) — 4sm^(/cj) 


sin(/cr) sinh( 5 cr) L 

for the gluon that includes also the contribution of the Faddev-Popov ghost and 
2 ['^/ 2 ] r da , fa 


(437) 


-^1/2 — — 


(47r)'^/2 




go 


cri+rf /2 sm{fa) sinh( 50 -) 


cos{fa)cosh{ga) (438) 


for a complex fermion. We have introduced an infrared cut-off m and we have taken the 
constant field strength with the following form: 


FaP = 


( 0 

-/ 
0 
0 

V • 


/ 

0 

0 

0 


0 

0 

g 


-g 0 


\ 


(439) 


/ 


All the other matrix elements are zero. The constants c* and c/ set the normalization of 
the generators of the SU{N) gauge group, namely Tr{T^T^) = and [|] = | if d is 
even and [^] = if d is odd. Remember that c = in the adjoint representation of 
SU{N) as we have used in Eq. H435I) for the gluon contribution. Eq.s (IM and (unHi) are 
derived in Appendix B of Ref. m and Eq. iUHTIl can be derived in a similar way. 

In the following we perform the held theory limit of the various one-loop open string 
contributions with a constant gauge held that we constructed for different models. By this 
limit we mean: 


T^oo , ; a = 27raV , f , g fixed. (440) 

We start by considering the bosonic string. In this case the annulus diagram with a 
constant gauge held is given in Eq.s (jUl) and (EH). In the case of the bosonic string the 
held theory limit is not well-dehned because we have an open string tachyon and we have 
to eliminate its contribution by hand keeping only the contribution of the massless open 
string states. In the held theory limit we can use the expressions: 

Uf ~ —2iaf , Ug ~ —2ag , (441) 


0 i(ii^jr|ir) ~ —2k^^^fi{k) sin(/cj) 


1 — 2 cos{2f a)k‘^ + . ■ ■ 


(442) 
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and 


Qi{ivgr\iT) ~ fi{k)smh.{ga) [l — 2 cosh.{2g a)k‘^ + ...] , 


(443) 


where the dots denote the contribution of the massive states. By using the previous 
equations together with Eq. (|4()2B . we get for the untwisted contribution in Eq. (IHTl) the 
following expression: 




N 


2(47r) 


(Tx 


/■“ da 

i 


fo- 


50- 


sin/o- sinh^cr 


24 — 4sin^(/(T) + 4sinh^(^iT) 


(444) 


where m = 2 ^- remember that in our case we are considering a D3 brane in a 26- 

dimensional space, we see that the previous equation, multiplied by a factor 2 due to the 
missing orbifold projector, corresponds to the four-dimensional Euler-Heisenberg action 
for a gluon and 22 adjoint scalars: 


{Z°)ll[=N{h+22Io) 


(445) 


The field theory limit of the twisted contribution can be performed in the same way. When 
we sum it to the untwisted one we get: 


{Z^%os = Nih + Nslo) 


(446) 


that is equal to the Euler-Heisemberg action for a gluon and Ng scalar in the adjoint 
representation of SU{N). 

Let us now perform the field theory limit on the sum of the untwisted sector in Eq. 
and of the twisted sector one in Eq. (El). We have to use the following equations 
valid in the held theory limit: 


03(wr|ir) ~ 1 -|- 2 cosh(27rz^r)A: , 04(fi/r|ir) ~ 1 — 2 cosh(27ri/r)A: 


(447) 


0i(wr|ir) ~ —2fe^/^ sin(i7ri^r) , 02(ii^T|ir) 2k^^^ cos(f7rz^r) 

In particular the held theory limit is given by: 


Z° = - 


N 


where: 


(47r) 




—nn?a 


5<7 


sin(/cr) sinh( 5 cr) 


Z°e+Zl\ , 




1 

'4fc 


(1 -|- 4:k){l + 2 cos{2fa)k + 2 cosh{2ga)k) 


(448) 


(449) 


^ 2 


(1 — 4A:)(1 — 2 cos{2fa)k — 2 cosli{2ga)k) — 16kcos{fa) cosh( 5 (T) 

4 [( 

sin^(/(T) — sinh^( 5 (T) 


8 -|- 4sin^(/cj) — 4sinh(5(T)) — 8 cos(/(t) cosh( 5 cr) 


(450) 

(451) 
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This means that the contribution of the untwisted sector multiplied by a factor 2, in order 
to get rid of the factor 1/2 of the orbifold projection, is equal to: 




^ r da 9^ 

(47r)2 J Jo 0-3 sin(/o-) sinh( 50 -) 


X 


+ 4 sinh^( 50 -) — 4sin^(/o-) — 8cos{fa) cosh.{ga) , 


(452) 


where the first three terms in the last line come from the NS sector and correspond to one 
gluon and six scalars, while the last term comes from the R sector and corresponds to 4 
Majorana fermions. Both the scalars and the fermions are in the adjoint representation of 
SU{N). In conclusion the previous equation can be written as: 


(Z^^)fti=N{h + 6Io + 2I,/,) 


(453) 


that is the Euler-Heisenberg action of AA = 4 super Yang-Mills. It is also equal to what 
one gets for a D3 brane in type 0’ theory because the contribution of the Mobius diagram 
is vanishing for a D3 brane (see Eq.s (OlHl and (Unsi))- 

The field theory limit of the twisted contribution in Eq. 62 ) is given by: 



N 

(47r)2 



“ da h gcr 

0-3 sm{fa) sinh( 5 cr) 

2 sin^(/cr) — 2 sinh^( 5 cr) , 


(454) 


with in addition the 6 term that we omit to write here. 

Multiplying the contribution in Eq. (ESI with a factor 1/2 due to the orbifold projec¬ 
tion and summing it to the twisted one in Eq. (USD) . we get the Euler-Heisenberg action 
oi M = 2 super Yang-Mills: 


+ 2^0 + h/2) 


(455) 


In the last part of this Appendix we perform the field theory limit of the orientifold flYg 
discussed in Sect. (TTITl) . The annulus diagram for a D3 brane of this orientifold is equal 
to the untwisted part of the annulus diagram for a D3 brane of type IIB theory on the 
orbifold C^/Z 2 . In the field theory limit one gets the expression in Eq. (1^ . 

The contribution of the Mobius diagram to the Euler-Heisenberg action can be obtained 
from Eq. (I,‘I29B using in the field theory limit (see Ea. (14401) 1 Eq.s (IdOOl) -^ (14021) . We get: 




16 


da - 




(Tvt/R j g 


cos{af) cosh.{ag) 


(456) 


(47r)2 _/ Jo a " " sin((T/) sinh(crg) 

Adding Eq.s (jini and (I456() we get the total contribution for the theory described by the 
orientifold flYg that is equal to: 


= ^{h + 6/o) + 4 


N ±2 


H/2 


(457) 


that is the correct Euler-Heisenberg action for a system of one gluon, six adjoint scalars, 
but not the correct one for four Dirac fermions transforming according to the two-index 
(anti)symmetric representation of SU{N). 
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